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1. INTRODUCTION 

The internal combustion (IC) engine is designed to produce power from the energy that is contained 
in its fuel. More specifically, its fuel contains chemical energy and together with air, this mixture is burned to 
output mechanical power. There are various types of fuels which can be used in IC engines namely; 
petroleum, diesel, bio-fuels, and hydrogen [1]. Modeling of an entire IC engine is a very important and 
complicated process because engines are nonlinear, multi inputs-multi outputs (MIMO) and time variant.  
One of the significant challenges in control manage algorithms is a linear behavior controller design for 
nonlinear systems (e.g., IC engine). Some of IC engines which work in industrial processes are controlled by 
linear PD management, proportional-integral-derivative (PID) method, but the design of linear management 
for IC engines is extremely difficult because they are hardly nonlinear and uncertain [1]-[2],[6]. To reduce 
the above challenges, the nonlinear robust management is used to compensate the linear control of IC engine. 

Controller is a device which can sense information from linear or nonlinear system (e.g., IC engine) 
to improve the systems performance [3]. The main targets in designing control systems are stability, good 
disturbance rejection, and small tracking error [5]. Several industrial IC engines are controlled by linear 
methodologies (e.g., Proportional-Derivative (PD) management, Proportional- Integral (PI) management or 
Proportional- Integral-Derivative (PID) management), but when IC engine works in various situations and 
have uncertainty in dynamic models this technique has limitations. From the control point of view, 
uncertainty is divided into two main groups: uncertainty in unstructured inputs (e.g., noise, disturbance) and 
uncertainty in structure dynamics (e.g., payload, parameter variations). In some applications IC engines are 
used in an unknown and unstructured environment, therefore strong mathematical tools used in new control 
methodologies to design fuzzy PD controller based on sliding mode compensation to have an acceptable 
performance (e.g., minimum error, good trajectory, disturbance rejection) [1]-[7].  
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Fuzzy-logic aims to provide an approximate but effective means of describing the behavior of 
systems that are not easy to describe precisely, and which are complex or ill-defined [7]-[11],[22]. It is based 
on the assumption that, in contrast to Boolean logic, a statement can be partially true (or false) [12]-[21],[23]-
[33]. For example, the expression (I live near SSP.Co) where the fuzzy value (near) applied to the fuzzy 
variable (distance), in addition to being imprecise, is subject to interpretation. The essence of fuzzy control is 
to build a model of human expert who is capable of controlling the plant without thinking in terms of its 
mathematical model. As opposed to conventional control approaches where the focus is on constructing a 
controller described by differential equations, in fuzzy control the focus is on gaining an intuitive 
understanding (heuristic data) of how to best control the process [28], and then load this data into the control 
system [34]-[35]. 

Sliding mode control (SMC) is obtained by means of injecting a nonlinear discontinuous term. This 
discontinuous term is the one which enables the system to reject disturbances and also some classes of 
mismatches between the actual system and the model used for design [12],[36]-[39]. These standard SMCs 
are robust with respect to internal and external perturbations, but they are restricted to the case in which the 
output relative degree is one. Besides, the high frequency switching that produces the sliding mode may 
cause chattering effect. The tracking error of SMC converges to zero if its gain is bigger than the upper 
bound of the unknown nonlinear function. Boundary layer SMC can assure no chattering happens when 
tracking error is less than ߝ ; but the tracking error converges to ߝ ; it is not asymptotically stable [13]. A new 
generation of SMC using second-order sliding-mode has been recently developed by [15] and [16]. This 
higher order SMC preserves the features of the first order SMC and improves it in eliminating the chattering 
and fast convergence [33]-[68]. 

Normal combinations of PD control with fuzzy logic (PD+FL) and sliding mode (PD+SMC) are to 
apply these three controllers at the same time [17], while FLC compensates the control error, SMC reduces 
the remain error of fuzzy PD such that the final tracking error is asymptotically stable [18]. The chattering is 
eliminate, because PD+SMC and PD+FL work parallel. In this paper, the asymptotic stability of PD control 
with parallel fuzzy logic and the first-order sliding mode compensation is proposed (PD+SMC+FL). The 
fuzzy PD is used to approximate the nonlinear plant. A dead one algorithm is applied for the fuzzy PD 
control. After the regulation error enter converges to the dead-zone, a super-twisting second-order sliding-
mode is used to guarantee finite time convergence of the whole control (PD+FL+SMC). By means of a 
Lyapunov approach, we prove that this type of control can ensure finite time convergence and less chattering 
than SMC and SMC+FL [33]-[39]. 

This paper is organized as follows; second part focuses on the modeling dynamic formulation based 
on Lagrange methodology, fuzzy logic methodology and sliding mode controller to have a robust control. 
Third part is focused on the methodology which can be used to reduce the error, increase the performance 
quality and increase the robustness and stability. Simulation result and discussion is illustrated in forth part 
which based on trajectory following and disturbance rejection. The last part focuses on the conclusion and 
compare between this method and the other ones. 
 
 
2. THEOREM 
 IC Engine’s Dynamic 

Dynamic modeling of IC engine is used to describe the nonlinear behavior of IC engine, design of 
model based controller such as pure variable structure controller based on nonlinear dynamic equations, and 
for simulation. The dynamic modeling describes the relationship between fuel to air ratio to PFI and DI and 
also it can be used to describe the particular dynamic effects (e.g., motor pressure, angular speed, mass of air 
in cylinder, and the other parameters) to behavior of system[1].  
The equation of an IC engine governed by the following equation [1],[4],[25],[29]: 

ቂ
PFI
DI
ቃ ൌ ቈ

Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉ ൤
FRሷ

αሷ ୍
൨ ൅ ൤

P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ α ሶ୍ ൧ ൅ ൤
Nଵଵ Nଵଶ
Nଶଵ Nଶଶ

൨ ൈ ൤
FRሶ

α ሶ୍
൨
ଶ

൅ ൤
Mୟଵ

Mୟଶ

൨  
(1) 

 
Where ܲܫܨ is port fuel injector, ܫܦ is direct injector, ۻሶ  is a symmetric and positive define mass ܚܑ܉

of air matrix, ܚܗܜܗܕ۾ is the pressure of motor, ܰ is engine angular speed and ܉ۻ is matrix mass of air in 
cylinder. Fuel ratio and exhaust angle are calculated by [25],[29]: 

ቈ
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The above target equivalence ratio calculation will be combined with fuel ratio calculation that will 
be used for controller design purpose. 
 Model free Control Technique 

The model-free control strategy, is based on the assumption that the joints of the manipulators are 
all independent and the system can be decoupled into a group of single-axis control systems [18]-[23]. 
Therefore, the kinematic control method always results in a group of individual controllers, each for an active 
joint of the manipulator. With the independent joint assumption, no a priori knowledge of IC engine 
dynamics is needed in the kinematic controller design, so the complex computation of its dynamics can be 
avoided and the controller design can be greatly simplified. This is suitable for real-time control applications 
when powerful processors, which can execute complex algorithms rapidly, are not accessible. However, 
since joints coupling is neglected, control performance degrades as operating speed increases and a 
manipulator controlled in this way is only appropriate for relatively slow motion [33]. The fast motion 
requirement results in even higher dynamic coupling between the various robot joints, which cannot be 
compensated for by a standard robot controller such as PD [21], and hence model-based control becomes the 
alternative. Based on above discussion; 

૚ሺ࢚ሻࢋ       ൌ ሺ࢚ሻࢊࢋ࢘࢏࢙ࢋࢊࡾࡲ െ  ሺ࢚ሻ (3)࢒ࢇ࢛࢚ࢉࢇࡾࡲ
 

ࢻࡵࡲࡼ ൌ ࢇ࢖ࡷ
૚ࢋ ൅ ࢇࢂࡷ

૚ሶࢋ  (4) 

 
 Sliding Mode Controller 

Consider a nonlinear single input dynamic system is defined by [6]: 
 

࢞ሺ࢔ሻ ൌ ሺሬ࢞ሬԦሻࢌ ൅  ሺሬ࢞ሬԦሻ࢛ (5)࢈
 

Where u is the vector of control input, ࢞ሺ࢔ሻ is the ࢎ࢚࢔  derivation of ࢞, ࢞ ൌ ሾ࢞, ሶ࢞ , ሷ࢞ , … , ࢞ሺି࢔૚ሻሿࢀ  is 
the state vector, ࢌሺ࢞ሻ is unknown or uncertainty, and ࢈ሺ࢞ሻ is of known sign function. The main goal to 
design this management is train to the desired state;  ࢞ࢊ ൌ ሾ࢞ࢊ, ሶ࢞ ,ࢊ ሷ࢞ ,ࢊ … , ࢊ࢞

ሺି࢔૚ሻሿࢀ, and trucking error vector 
is defined by [6]:  
 

෥࢞ ൌ ࢞ െ ࢊ࢞ ൌ ሾ෥࢞, … , ෥࢞ሺି࢔૚ሻሿ(6) ࢀ 
 
A time-varying sliding surface ࢙ሺ࢞, ࢚ሻ in the state space ࢔ࡾ is given by [6]: 
 

࢙ሺ࢞, ࢚ሻ ൌ ሺ
ࢊ

࢚ࢊ
൅ ૚ ෥࢞ି࢔ሻࣅ ൌ ૙ 

(7) 

 
where λ is the positive constant. To further penalize tracking error, integral part can be used in sliding surface 
part as follows [6]: 
 

࢙ሺ࢞, ࢚ሻ ൌ ሺ
݀

ݐ݀
൅ ૚ି࢔ሻࣅ  ቆන ෥࢞

࢚

૙

ቇ࢚ࢊ ൌ ૙ 
(8) 

 
The main target in this methodology is kept the sliding surface slope ࢙ሺ࢞, ࢚ሻ near to the zero. Therefore, one 
of the common strategies is to find input ࢁ outside of ࢙ሺ࢞, ࢚ሻ [6]. 
 

૚

૛

ࢊ

࢚ࢊ
࢙૛ሺ࢞, ࢚ሻ ൑ െࣀ|࢙ሺ࢞, ࢚ሻ| 

(9) 

 
where ζ is positive constant. 

If  S(0)>0→
܌

ܜ܌
ሻܜሺ܁ ൑ െા (10) 

To eliminate the derivative term, it is used an integral term from t=0 to t=࢚࢘ࢎࢉࢇࢋ 

න
ࢊ

࢚ࢊ

࢚ୀ࢚࢘ࢎࢉࢇࢋ

࢚ୀ૙

ሺ࢚ሻࡿ ൑ െන ࣁ → ࡿ
࢚ୀ࢚࢘ࢎࢉࢇࢋ

࢚ୀ૙

ሺ࢚࢘ࢎࢉࢇࢋሻ െ ሺ૙ሻࡿ ൑ െࣀሺ࢚࢘ࢎࢉࢇࢋ െ ૙ሻ 
(11) 

 

Where ݐ௥௘௔௖௛ is the time that trajectories reach to the sliding surface so, suppose  S(ݐ௥௘௔௖௛ ൌ 0ሻ defined as; 
 



                ISSN: 2252-8814 

IJAAS  Vol. 2, No. 4, December : 171 – 184 

174

૙ െ ሺ૙ሻࡿ ൑ െࣁሺ࢚࢘ࢎࢉࢇࢋሻ → ࢎࢉࢇࢋ࢚࢘ ൑
ሺ૙ሻࡿ

ࣀ
 

(12) 

 
and 

ሺ૙ሻࡿ ࢌ࢏ ൏ 0 → 0 െ ܵሺ૙ሻ ൑ െࣁሺ࢚࢘ࢎࢉࢇࢋሻ → ሺ૙ሻࡿ ൑ െࣀሺ࢚࢘ࢎࢉࢇࢋሻ → ࢎࢉࢇࢋ࢚࢘ ൑
|ሺ૙ሻࡿ|

ࣁ
 

(13) 

 

Equation (13) guarantees time to reach the sliding surface is smaller than  
|ሺ૙ሻࡿ|

ࣀ
  since the trajectories are 

outside of ܵሺݐሻ. 
 

ࢎࢉࢇࢋ࢚࢘ࡿ ࢌ࢏ ൌ ሺ૙ሻࡿ → ሺ࢞࢘࢕࢘࢘ࢋ െ ሻࢊ࢞ ൌ ૙  (14) 

 

suppose S is defined as  

࢙ሺ࢞, ࢚ሻ ൌ ሺ
ࢊ

࢚ࢊ
൅ ሻࣅ  ෥࢞ ൌ ሺܠሶ െ ሶܠ ሻ܌ ൅ ૃሺܠ െ ሻ܌ܠ  

(15) 

 

The derivation of S, namely, ሶܵ can be calculated as the following; 
 

ሶࡿ ൌ ሺܠሷ െ ሷܠ ሻ܌ ൅ ૃሺܠሶ െ ሶܠ  ሻ     (16)܌
 
suppose the second order system is defined as; 

ሷ࢞ ൌ ࢌ ൅ ࢛  → ሶࡿ ൌ ࢌ ൅ ࢁ െ ሷ࢞ ࢊ ൅ ૃሺܠሶ െ ሶܠ ሻ܌  (17) 
 
Where ࢌ is the dynamic uncertain, and also since ܵ ൌ 0 ܽ݊݀  ሶܵ ൌ 0, to have the best approximation ,ࢁ෡  is 
defined as 
 

෡ࢁ ൌ െࢌ෠ ൅ ሷ࢞ ࢊ െ ሶܠሺࣅ െ ሶܠ  ሻ   (18)܌
 
A simple solution to get the sliding condition when the dynamic parameters have uncertainty is the switching 
control law [12]-[13]: 
 

࢙࢏ࢊࢁ ൌ ෡ࢁ െ ,ሺሬ࢞ሬԦࡷ ࢚ሻ ∙  ሺ࢙ሻ     (19)ܖ܏ܛ
 
where the switching function ܖ܏ܛሺ܁ሻ is defined as [1],[6] 
 

ሺ࢙ሻ࢔ࢍ࢙ ൌ ൝
૚           ࢙ ൐ 0
െ૚           ࢙ ൏ 0
૙            ࢙ ൌ ૙

  
(20) 

 
and the ࡷሺሬ࢞ሬԦ, ࢚ሻ is the positive constant. Suppose by (9) the following equation can be written as, 
 

૚

૛

ࢊ

࢚ࢊ
࢙૛ሺ࢞, ࢚ሻ ൌ ܁ ∙ሶ ܁ ൌ ࢌൣ െ ෠ࢌ െ ሺ࢙ሻ൧ܖ܏ܛࡷ ∙ ࡿ ൌ ൫ࢌ െ ෠൯ࢌ ∙ ࡿ െ |ࡿ|ࡷ  

(21) 

 
and if the equation (13) instead of (12) the sliding surface can be calculated as  
 

࢙ሺ࢞, ࢚ሻ ൌ ሺ
ࢊ

࢚ࢊ
൅ ሻ૛ࣅ  ቆන ෥࢞

࢚

૙

ቇ࢚ࢊ ൌ ሺܠሶ െ ሶܠ ሻ܌ ൅ ૛ࣅሺܠሶ െ ሶܠ ሻ܌ െ ૃ૛ሺܠ െ ሻ܌ܠ  
(22) 

 
in this method the approximation of ࢁ is computed as [6] 
 

෡ࢁ ൌ െࢌ෠ ൅ ሷ࢞ ࢊ െ ૛ࣅሺܠሶ െ ሶܠ ሻ܌ ൅ ૃ૛ሺܠ െ ሻ܌ܠ  (23) 
 
Based on above discussion, the sliding mode control law for a multi degrees of freedom IC engine is written 
as [1],[6]: 
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ࡵࡲࡼ ൌ ࢗࢋࡵࡲࡼ ൅  (24) ࢙࢏ࢊࡵࡲࡼ

 
Where, the model-based component ࢗࢋࡵࡲࡼ is the nominal dynamics of systems calculated as follows [1]: 
 

ࢗࢋࡵࡲࡼ ൌ ቎ቈ
ሶܯ 11ݎ݅ܽ ሶܯ 12ݎ݅ܽ
ሶܯ 21ݎ݅ܽ ሶܯ 22ݎ݅ܽ

቉

െ1

ቆቈ
Pmotor1
Pmotor2

቉ ൣFRሶ αIሶ ൧ ൅ ൤
N11 N12
N21 N22

൨ ൈ ൤FR
ሶ

αIሶ
൨
2

൅ ቈ
Ma1

Ma2

቉ቇ ൅

Mair11Mair12Mair21Mair22ࡿ   

(25) 

 
and ࢙࢏ࢊࡵࡲࡼ is computed as [1]; 
 

࢙࢏ࢊࡵࡲࡼ ൌ ࡷ ∙  ሻ (26)ࡿሺܖ܏ܛ
 
By (26) and (25) the sliding mode control of IC engine is calculated as;  
 

ࡵࡲࡼ ൌ ቎ቈ
ሶܯ 11ݎ݅ܽ ሶܯ 12ݎ݅ܽ
ሶܯ 21ݎ݅ܽ ሶܯ 22ݎ݅ܽ

቉

െ1

ቆቈ
Pmotor1
Pmotor2

቉ ൣFRሶ αIሶ ൧ ൅ ൤
N11 N12
N21 N22

൨ ൈ ൤FR
ሶ

αIሶ
൨
2

൅ ቈ
Ma1

Ma2

቉ቇ ൅

  ࡿܖ܏ܛ∙ࡷMair11Mair12Mair21Mair22൅ࡿ

(27) 

 
 
 Proof of Stability 

The lyapunov formulation can be written as follows, 

ࢂ ൌ
૚

૛
.ࢀࡿ ቈ

Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

቉ .    ࡿ
(28) 

 
the derivation of ܸ can be determined as, 

ሶࢂ ൌ ૚
૛
.ࢀࡿ ቈ

Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

቉

ሶ

. ࡿ ൅ ࢀࡿ ቈ
Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

቉ ሶࡿ  
(29) 

 
the dynamic equation of IC engine can be written based on the sliding surface as 

ሶࡿࡹ ൌ െࡿࢂ ൅ ቈ
Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

቉ ሶࡿ ൅ ቆቈ
Pmotor1
Pmotor2

቉ ൣFRሶ αIሶ ൧ ൅ ൤
N11 N12
N21 N22

൨ ൈ ൤FR
ሶ

αIሶ
൨
2

൅ ቈ
Ma1

Ma2

቉ቇ 
(30) 

 
it is assumed that 

ࢀࡿ ൭ቈ
Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

቉

ሶ

െ ૛ ቈ
Pmotor1
Pmotor2

቉ ൣFRሶ αIሶ ൧ ൅ ൤
N11 N12
N21 N22

൨ ൈ ൤FR
ሶ

αIሶ
൨
2

൅ ቈ
Ma1

Ma2

቉൱ࡿ ൌ ૙  
(31) 

 
by substituting (30) in (31) 
 

ሶࢂ ൌ

૚

૛
ࢀࡿ ൥

Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

൩

ሶ

ࡿ െ ࢀࡿ ቈ
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቉ ቂFRሶ αIሶ ቃ ൅ ቈ
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ሶ

αIሶ
቉

2

ࡿ ൅
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ሶ
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቉

2
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቉൱ቍ ൌ
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Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

൩ ሶࡿ ൅ ቈ
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቉ ቂFRሶ αIሶ ቃ ൅ ቈ
N11 N12
N21 N22

቉ ൈ ቈFR
ሶ

αIሶ
቉

2

൅ ቈ
Ma1
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቉൱  

(32) 

 
suppose the control input is written as follows 
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෡ࢁ ൌ ࢘ࢇࢋ࢔ଙ࢒࢔࢕ࡺࢁ
෣ ൅ࢊࢁଙ

෣࢙ ൌ ൦൥
ሶܯ 11ݎ݅ܽ ሶܯ 12ݎ݅ܽ
ሶܯ 21ݎ݅ܽ ሶܯ 22ݎ݅ܽ

൩

െ1෣

൭ቈ
Pmotor1
Pmotor2

቉ ቂFRሶ αIሶ ቃ ൅ ቈ
N11 N12
N21 N22

቉ ൈ ቈFR
ሶ

αIሶ
቉

2

൅

Ma1Ma2൅ࡿMair11Mair12Mair21Mair22൅ࡿ࢔ࢍ࢙.ࡷ൅Pmotor1Pmotor2FR   
αI൅N11N12N21N22×FRαI2൅Ma1Ma2  

(33) 

 
by replacing the equation (33) in (28) 
 

ሶࢂ ൌ

ሺ൥ࢀࡿ
Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

൩ ሶࡿ ൅ ቈ
Pmotor1
Pmotor2

቉ ቂFRሶ αIሶ ቃ ൅ ቈ
N11 N12
N21 N22

቉ ൈ ቈFR
ሶ

αIሶ
቉

2

൅ ቈ
Ma1

Ma2
቉ െ

൥
Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

൩

෣

ሶࡿ െ ቈ
Pmotor1
Pmotor2

቉ ቂFRሶ    αIሶ ቃ ൅ ቈ
N11 N12
N21 N22

቉ ൈ ቈFR
ሶ

αIሶ
቉

2෣

൅ࡿ ቈ
Ma1

Ma2
቉ െ ሻࡿሺ࢔ࢍ࢙ࡷ ൌ

ࢀࡿ ൮൥
Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

൩

෫

ሶࡿ ൅ ቈ
Pmotor1
Pmotor2

቉ ቂFRሶ αIሶ ቃ ൅ ቈ
N11 N12
N21 N22

቉ ൈ ቈFR
ሶ

αIሶ
቉

2෫

൅ࡿ ቈ
Ma1

Ma2
቉ െ   ሻ൲ࡿሺ࢔ࢍ࢙ࡷ

(34) 

And 

อቈ
Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

቉

෫

ሶࡿ ൅ ቈ
Pmotor1
Pmotor2

቉ ൣFRሶ αIሶ ൧ ൅ ൤
N11 N12
N21 N22

൨ ൈ ൤FR
ሶ

αIሶ
൨
2෫

൅ࡿ ቈ
Ma1

Ma2

቉อ ൑

อቈ
Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

቉

෫

ሶࡿ อ ൅ อቈ
Pmotor1
Pmotor2

቉ ൣFRሶ αIሶ ൧ ൅ ൤
N11 N12
N21 N22

൨ ൈ ൤FR
ሶ

αIሶ
൨
2෫

൅ࡿ ቈ
Ma1

Ma2

቉อ   

(35) 

 
the Lemma equation in robot arm system can be written as follows 
 

࢛ࡷ ൌ ቎ቮ൥
Mሶ air11 Mሶ air12
Mሶ air21 Mሶ air22

൩

෫

ሶࡿ ቮ ൅ อቈ
Pmotor1
Pmotor2

቉ ቂFRሶ αIሶ ቃ ൅ ቈ
N11 N12
N21 N22

቉ ൈ ቈFR
ሶ

αIሶ
቉

2

ࡿ ൅ ቈ
Ma1

Ma2
቉อ ൅ ቏ࣁ

࢏

  , ࢏

ൌ ૚, ૛, ૜, ૝,…  

(36) 

 

and finally; 

ሶࢂ ൑ െ෍࢏ࣁ

࢔

ୀ૚࢏

  |࢏ࡿ|
(37) 

 
 Fuzzy Logic Methodology 

Based on foundation of fuzzy logic methodology; fuzzy logic management has played important 
rule to design nonlinear management for nonlinear and uncertain systems [16]. However the application area 
for fuzzy control is really wide, the basic form for all command types of controllers consists of; 
Input fuzzification (binary-to-fuzzy [B/F] conversion)  
Fuzzy rule base (knowledge base), Inference engine and Output defuzzification (fuzzy-to-binary [F/B] 
conversion). Figure 1 shows the fuzzy controller part. 
 

 

Fig 1:  Fuzzy Controller Part 
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The fuzzy inference engine offers a mechanism for transferring the rule base in fuzzy set which it is 
divided into two most important methods, namely, Mamdani method and Sugeno method. Mamdani method 
is one of the common fuzzy inference systems and he designed one of the first fuzzy managements to control 
of system engine. Mamdani’s fuzzy inference system is divided into four major steps: fuzzification, rule 
evaluation, aggregation of the rule outputs and defuzzification.  Michio Sugeno use a singleton as a 
membership function of the rule consequent part. The following definition shows the Mamdani and Sugeno 
fuzzy rule base [22]-[33] 
 

࢟ ࢊ࢔ࢇ ࡭ ࢙࢏ ࢞ ࢌ࢏  ′࢏࢔ࢇࢊ࢓ࢇ࢓′ ࡯ ࢙࢏ ࢠ ࢔ࢋࢎ࢚ ࡮ ࢙࢏
࢟ ࢊ࢔ࢇ ࡭ ࢙࢏ ࢞ ࢌ࢏ ,ሺ࢞ࢌ ࢙࢏ ࢠ ࢔ࢋࢎ࢚ ࡮ ࢙࢏ ࢟ሻ′࢙࢛࢕࢔ࢋࢍ′  

(38) 

 
When ݔ and ݕ have crisp values fuzzification calculates the membership degrees for antecedent part. 

Rule evaluation focuses on fuzzy operation (ܦܰܣ/ܱܴ ) in the antecedent of the fuzzy rules. The aggregation 
is used to calculate the output fuzzy set and several methodologies can be used in fuzzy logic controller 
aggregation, namely, Max-Min aggregation, Sum-Min aggregation, Max-bounded product, Max-drastic 
product, Max-bounded sum, Max-algebraic sum and Min-max. Defuzzification is the last step in the fuzzy 
inference system which it is used to transform fuzzy set to crisp set. Consequently defuzzification’s input is 
the aggregate output and the defuzzification’s output is a crisp number. Centre of gravity method ሺܩܱܥሻ and 
Centre of area method ሺܣܱܥሻ are two most common defuzzification methods. 
 
3. METHODOLOGY 

Based on the dynamic formulation of IC engine, (3), and the industrial PD law (4) in this paper we 
discuss about regulation problem, the desired position is constant, i.e., ݍሶௗ ൌ 0 . In most IC engine control, 
desired joint positions are generated by the trajectory planning. The objective of robot control is to design the 
input torque in (1) such that the tracking error 
 

݁ ൌ ௗܴܨ െ  ௔ (39)ܫܴܨ
 

When the dynamic parameters of robot formulation known, the PD control formulation (10) shoud 
include a compensator as  
 

ܫܨܲ ൌ െ݇௣݁ െ ݇ௗ݁ ൅ ሺܩ ൅  ሻ (40)ܨ
 
Where G is gravity and F is appositive definite diagonal matrix friction term (coulomb friction). 
If we use a Lyapunov function candidate as  
 

௣ܸௗ ൌ
1

2
ܨ ሶܴ ் ቈ

Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉ ܨ ሶܴ ൅
1

2
்݁݇௣݁ 

(41) 

 
ሶܸ
௣ௗ ൌ െܨ ሶܴ ்݇ௗܨ ሶܴ ൑ 0 (42) 

  
It is easy to known ܨ ሶܴ ൌ 0 and ݁ ൌ 0 are only initial conditions inΩ ൌ ൛ሾݍሶ , ݁ሿ: ሶܸ ൌ 0ൟ, for which 

ܨൣ ሶܴ , ݁൧ ∈  Ω for al lݐ ൑ 0. By the LaSalle’s invariance principle, ݁ → 0 and ሶ݁ → 0. When G and F in (10) are 
unknown, a fuzzy logic can be used to approximate them as     

 

݂ሺݔሻ ൌ  ෍ߠ௟ࣟ௟
ெ

௟ୀଵ

ሺݔሻ ൌ  ሻݔሺ்ࣟߠ 
(43) 

Where ߠ ൌ ሺߠଵ,… , ,ெሻ்ߠ ࣟሺݔሻ ൌ ሺࣟଵሺݔሻ, … , ࣟெሺݔሻሻ் , ܽ݊݀ ࣟ௟ሺݔሻ ൌ:∏
ఓ
ಲ೔
೗ሺ௫೔ሻ

∑ ሺ∏ ߤ
஺೔
೗ሺݔ௜ሻሻ

௡
௜ୀଵ

ெ
௟ୀଵ

௡
௜ୀଵ . 

…,ଵߠ , ,ଵሻݔ஺భభሺߤ .ெ are adjustable parameters in (43)ߠ … ,  ௡ሻ are given membership functions whoseݔ஺೙೘ሺߤ
parameters will not change over time. 

The second type of fuzzy systems is given by  
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݂ሺݔሻ ൌ  

∑ ௟ெߠ
௟ୀଵ ൥∏ exp൭െቆ

௜ݔ െ ௜ߙ
௟

௜ߜ
௟ ቇ

ଶ

൱௡
௜ୀଵ ൩

∑ ൥∏ exp൭െቆ
௜ݔ െ ௜ߙ

௟

௜ߜ
௟ ቇ

ଶ

൱௡
௜ୀଵ ൩ெ

௟ୀଵ

  

(44) 

 
Where ߠ௟ , ௜ߙ

௟ ܽ݊݀ ߜ௜
௟ are all adjustable parameters. From the universal approximation theorem, we know that 

we can find a fuzzy system to estimate any continuous function. For the first type of fuzzy systems, we can 
only adjust ߠ௟ in (44). We define ݂^ሺߠ|ݔሻ  as the approximator of the real function݂ሺݔሻ.  
 

݂^ሺߠ|ݔሻ ൌ  ሻ (45)ݔሺߝ்ߠ 
 
We define ߠ∗ as the values for the minimum error: 
 

∗ߠ ൌ argmin
ఏ∈ఆ

൤sup
௫∈௎

| ݂^ሺߠ|ݔሻ െ  ݃ሺݔሻ|൨ (46) 

 
Where ߗ is a constraint set for ߠ. For specific ݔ , ݂|௫∈௎݌ݑݏ

^ሺߠ|ݔ∗ሻ െ ݂ሺݔሻ|  is the minimum approximation 
error we can get. 

We used the first type of fuzzy systems (43) to estimate the nonlinear system (11) the fuzzy 
formulation can be write as below; 
 

݂ሺߠ|ݔሻ ൌ    ሻݔሺߝ்ߠ 

              ൌ
∑ ௟௡ߠ
௟ୀଵ ሻ൧ݔ஺೗ሺߤൣ

∑ ሾߤ஺೗ሺݔሻሿ
௡
௟ୀଵ

 

(47) 

 
Where ߠଵ,… ,  ௡ are adjusted by an adaptation law. The adaptation law is designed to minimize theߠ
parameter errors of  ߠ െ ߠ∗.  The SISO fuzzy system is define as  
 

݂ሺݔሻ ൌ ⊖்  ሻ (48)ݔሺߝ
 
Where  

⊖்ൌ ሺߠଵ,… , ௠ሻߠ
் ൌ  

ۏ
ێ
ێ
ۍ
ଵߠ
ଵ, ଵߠ

ଶ , … , ଵߠ
ெ

ଶߠ
ଵ, ଶߠ

ଶ , … , ଶߠ
ெ

⋮       
௠ߠ
ଵ , ௠ߠ

ଶ  , … , ௠ߠ
ெے
ۑ
ۑ
ې
 

(49) 

 
ሻݔሺߝ ൌ ሺߝଵሺݔሻ, … , ሻݔଵሺߝ   ,ሻሻ்ݔெሺߝ ൌ ∏ ߤ

஺೔
೗ሺݔ௜ሻ/∑ ሺ∏ ߤ

஺೔
೗ሺݔ௜ሻሻ 

௡
௜ୀଵ

ெ
௟ୀଵ

௡
௜ୀଵ ,  and ߤ

஺೔
೗ሺݔ௜ሻ is defined in (47). To 

reduce the number of fuzzy rules, we divide the fuzzy system in to three parts: 
 

,ݍଵሺܨ ሶݍ ሻ ൌ ⊖ଵ் ,ܴܨ൫ ߝ ܨ ሶܴ ൯ 

                ൌ   ቂߠଵ
ଵ்ߝ ൫ܴܨ, ܨ ሶܴ ൯ , … , ௠ߠ

ଵ ߝ் ൫ܴܨ, ܨ ሶܴ ൯ ቃ
்

 

 

(50) 

,ܴܨଶ൫ܨ ܨ ሷܴ ௥൯ ൌ⊖ଶ் ,ܴܨ൫ ߝ ܨ ሷܴ ௥൯ 

       ൌ   ቂߠଵ
ଶ்ߝ ൫ܴܨ, ܨ ሷܴ ௥൯ , … , ௠ߠ

ଶ ߝ் ൫ܴܨ, ܨ ሷܴ ௥൯ ቃ
்

 

 

(51) 

,ܴܨଷ൫ܨ ܨ ሷܴ ൯ ൌ⊖ଷ் ,ܴܨ൫ ߝ ܨ ሷܴ ൯ 

          ൌ   ቂߠଵ
ଷ்ߝ ൫ܴܨ, ܨ ሶܴ ൯ , … , ௠ߠ

ଷ ߝ் ൫ܴܨ, ܨ ሷܴ ൯ ቃ
்

 

 

(52) 

The control security input is given by 

߬  ൌ   ቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉ ሷ ܴܨ ௥ ൅ ൤
P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ α ሶ୍ ൧ ൅ ൤
Nଵଵ Nଵଶ
Nଶଵ Nଶଶ

൨ ൈ ൤
FRሶ

α ሶ୍
൨
ଶ

൅ ൤
Mୟଵ

Mୟଶ

൨ ൅

,ܴܨଵ൫ܨ ܨ ሶܴ ൯ ൅ ,ܴܨଶ൫ܨ ܨ ሷܴ ௥൯ ൅ ܨ
ଷ൫ܴܨ, ܨ ሷܴ ൯ െ ௣݁ܭ െ ௩ܭ ሶ݁  

(53) 
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Where ቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉

^

 ,൤
P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ    α ሶ୍ ൧ ൅ ൤
Nଵଵ Nଵଶ
Nଶଵ Nଶଶ

൨ ൈ ൤
FRሶ

α ሶ୍
൨
ଶ

൅ ൤
Mୟଵ

Mୟଶ

൨ are the estimations of 

ቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉. 

 
Based on sliding mode formulation (27) and PD linear methodology (4); 
 

ܵே௘௪ ൌ ሺ ሶ݁ ൅  ሻ (54)݁ߣ

And ௦ܷ௪௜௧௖௛ is obtained by 
 

Uୱ୵୧୲ୡ୦ ൌ KሺxሬԦ, tሻ ∙ sgnሺS୒ୣ୵ሻ ൌ KሺxሬԦ, tሻ ∙ sgn ሺܭሺ ሶ݁ ൅ ሻሻ݁ߣ   (55) 

The Lyapunov function in this design is defined as 

ܸ ൌ
1

2
ܵܯ்ܵ ൅

1

2
෍

1

௦௝ߛ

ெ

௃ୀଵ

߶். ߶௝ 
(56) 

 
where ߛ௦௝ is a positive coefficient, ࣘ ൌ ∗ࣂ െ  is adjustable parameter. Since ߠ is minimum error and ∗ࣂ ,ࣂ
ሶܯ െ 2ܸ is skew-symetric matrix; 

்ܵ ቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉ ሶܵ ൅
1

2
்ܵ ቈ

Mሶ ୟన୰ଵଵ Mሶ ୟన୰ଵଶ
Mሶ ୟన୰ଶଵ Mሶ ୟన୰ଶଶ

቉
ሶ

ܵ ൌ ்ܵሺቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉ ሶܵ ൅ ܸܵሻ  
(57) 

 
If the dynamic formulation of IC engine defined by 

߬ ൌ ቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉ ܨ ሷܴ ൅ ൤
P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ α ሶ୍ ൧ ൅ ൤
Nଵଵ Nଵଶ
Nଶଵ Nଶଶ

൨ ൈ ൤
FRሶ

α ሶ୍
൨
ଶ

൅ ൤
Mୟଵ

Mୟଶ

൨ 
(58) 

 
the controller formulation is defined by 

߬ ൌ ቈ
Mሶ ୟన୰ଵଵ Mሶ ୟన୰ଵଶ
Mሶ ୟన୰ଶଵ Mሶ ୟన୰ଶଶ

቉
෣

ܨ ሷܴ ௥ ൅ ൤
P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ α ሶ୍ ൧ ൅ ൤
Nଵଵ Nଵଶ
Nଶଵ Nଶଶ

൨ ൈ ൤
FRሶ

α ሶ୍
൨
ଶ෣
ܨ ሶܴ ௥ ൅ ൤

Mୟଵ

Mୟଶ

൨
෣

െ ܵߣ

െ  ܭ

(59) 

 
According to (57) and (58) 

ቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉ ܨ ሷܴ ൅ ൤
P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ α ሶ୍ ൧ ൅ ൤
Nଵଵ Nଵଶ
Nଶଵ Nଶଶ

൨ ൈ ൤
FRሶ

α ሶ୍
൨
ଶ

൅ ൤
Mୟଵ

Mୟଶ

൨ ൌ

ቈ
Mሶ ୟన୰ଵଵ Mሶ ୟన୰ଵଶ
Mሶ ୟన୰ଶଵ Mሶ ୟన୰ଶଶ

቉
෣

ܨ ሷܴ ௥ ൅ ൤
P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ α ሶ୍ ൧ ൅ ൤
Nଵଵ Nଵଶ
Nଶଵ Nଶଶ

൨ ൈ ൤
FRሶ

α ሶ୍
൨
ଶ෣
൅ ൤

Mୟଵ

Mୟଶ

൨
෣

െܵߣ െ   ܭ

(60) 

 
Since ࡾࡲሶ ࢘ ൌ ሶࡾࡲ െ ሷࡾࡲ and ࡿ ࢘ ൌ ሷࡾࡲ െ ሶࡿ   

ቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉ ሶܵ ൅ ቆ൤
P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ α ሶ୍ ൧ ൅ ൤
Nଵଵ Nଵଶ
Nଶଵ Nଶଶ

൨ ൈ ൤
FRሶ

α ሶ୍
൨
ଶ

൅ ቇߣ ܵ ൌ ∆݂ െ   ܭ
(61) 

 

ቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉ ሶࡿ ൌ ઢࢌ െ ࡷ െ ൤
P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ    α ሶ୍ ൧ ൅ ൤
Nଵଵ Nଵଶ
Nଶଵ Nଶଶ

൨ ൈ ൤
FRሶ

α ሶ୍
൨
ଶ

ࡿ െ  ࡿࣅ

This method has two main management’s coefficients, ܭ௣ ܽ݊݀ ܭ௏. To tune and optimize these 
parameters mathematical formulation is used  

ܷ ൌ ௙ܷ௨௭௭௬ ൅ ௦ܷ௟௜ௗ௜௡௚ ൅ ܷ௉஽  (62) 

U ൌ U୤୳୸୸୷ ൅ Uୱ୵୧୲ୡ୦ ൌ ൥ቈ
Mሶ ୟ୧୰ଵଵ Mሶ ୟ୧୰ଵଶ
Mሶ ୟ୧୰ଶଵ Mሶ ୟ୧୰ଶଶ

቉

ି૚

ቆ൤
P୫୭୲୭୰ଵ
P୫୭୲୭୰ଶ

൨ ൣFRሶ α ሶ୍ ൧ ൅ ൤
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The most important different between PD+SMC and PD+SMC+FL is the uncertainty. In PD+SMC 

the uncertainty is d = G+F + f. The sliding mode gain must be bigger than its upper bound. It is not an easy 
job because this term includes tracking errors  ݁ଵ andݍሶଵ. While in PD+SMC+FL, the uncertainty η is the 
fuzzy approximation error for ܩ ൅  ܨ ൅  ݂. 
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(64) 

 
It is usually is smaller than  ܩ ൅ ܨ ൅  ݂ ; and the upper bound of it is easy to be estimated. 

 
4. RESULTS 

In this section, we use a benchmark model, IC engine, to evaluate our control algorithms [22]. We 
compare the following managements: classical PD management, PD fuzzy management and serial fuzzy 
sliding mode PD management which is proposed in this paper. The simulation was implemented in 
MATLAB/SIMULINK environment.  

Close loop response of IC engine fuel ratio: Figure 2 illustrates the tracking performance in three 
types of management; linear PD management, linear PD management based on fuzzy logic estimator and 
nonlinear estimator based on fuzzy logic and sliding mode management.  
 

 
 

Fig 2:   Linear PD, PD+FLC and Proposed method fuel ratio following without disturbance 
 

Based on Figure 2; pure PD management has oscillation in first and three links, because IC engine is 
a highly nonlinear management and control of this system by linear method is very difficult. Based on above 
graph, however PD+FUZZY controller is a nonlinear methodology but it has difficulty to control this plant 
because it is a model base controller. 
  Close loop response of fuel ratio following in presence of load disturbance: Figure 3 
demonstrates the power disturbance elimination in three types of controller in presence of disturbance for IC 
engine. The disturbance rejection is used to test the robustness comparisons of these three methodologies.  

 
Fig 3:   Linear PD, PD+FLC and Proposed method fuel ratio following with disturbance 
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Based on Figure 3; by comparison with the PD and PD+FLC, proposed serial compensator 
PD+Fuzzy+SMC is more stable and robust and our method doesn’t have any chattering and oscillation.  
 
5. CONCLUSION  

The main contributions of the paper are twofold. The structure of fuzzy PD control with sliding 
mode compensation is new. We propose parallel structure and chattering free compensator: parallel 
compensation, and chattering free method. The key technique is dead-zone, such that fuzzy control and 
sliding mode control can be switched automatically. The stability analysis of fuzzy sliding mode PD manages 
is also new. Stability analysis of fuzzy PD algorithm with first-order or second-order sliding mode is not 
published in the literature. The benefits of the proposed method; the chattering effects of fuzzy sliding mode 
PD methodology, the slow convergence of the fuzzy PD and the chattering problem of sliding mode PD 
method are avoided effectively. 
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