
International Journal of Advances in Applied Sciences (IJAAS) 

Vol. 11, No. 4, December 2022, pp. 345~355 

ISSN: 2252-8814, DOI: 10.11591/ijaas.v11.i4.pp345-355      345  

 

Journal homepage: http://ijaas.iaescore.com 

On prognosis of variation of properties of multilayer structure 

by preliminary processing of the substrate 
 

 

Evgeny Leonidovich Pankratov 
Department of Mathematical and Natural Sciences, Nizhny Novgorod State University, Nizhny Novgorod, Russia 

 

 

Article Info  ABSTRACT 

Article history: 

Received Sep 21, 2022 

Revised Oct 17, 2022 

Accepted Nov 3, 2022 

 

 In this paper, we analyze the effect of the preliminary processing of substrate 

on the properties of the grown heterostructure. It has been shown that the 
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mismatch-induced stress. 
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1. INTRODUCTION 

To manufacture various devices of solid-state electronics, heterostructures of different 

configurations are frequently used. For their growth different methods could be used: gas-phase and liquid-

phase epitaxy, sputtering of materials in magnetrons, and molecular beam epitaxy. The manufacturing and 

use of heterostructures in different devices were described in a large number of experimental works [1]–[11]. 

At the same time, fewer works are describing the prediction of epitaxy processes [12], [13]. In this paper, we 

consider a vertical reactor for gas phase epitaxy as presented in Figure 1. The reactor consists of an external 

casing, a substrate holder with a substrate, and a spiral around the casing in the area of the substrate to 

generate induction heating to activate chemical reactions of decay of reagents and to the growth of the 

epitaxial layer.  

A gaseous mixture of reagents together with gas-carrier inputs into the inlet of the reaction chamber. 

At the first stage of the growth of the heterostructure, a buffer layer was grown on a substrate. Next the 

obtained structure was annealed. After that an epitaxial layer was grown on the buffer layer. The main aim of 

this paper was analyzed of changing of the properties of the final heterostructure under influence of the 

considered annealing after grown of the buffer layer. Additionally, we introduce an analytical approach for 

analysis of mass and heat transfer in multilayer structures with account their nonlinearity, changes of 

parameters of processes in space and time, mismatch-induced stresses. 

https://creativecommons.org/licenses/by-sa/4.0/
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Figure 1. A reactor for the gas phase epitaxy in neighborhoods of the reaction zone 

 

 

2. METHOD OF SOLUTION 
The aim of the present paper will be solved by analyzing the Spatio-temporal distribution of the 

distribution of temperature and the concentration of the deposited material. The required temperature 

distribution was calculated by solving the following boundary value problem [14]. 

 

𝑐
𝜕𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝑡
= 𝑝(𝑟, 𝜙, 𝑧, 𝑡) + 𝑑𝑖𝑣{𝜆 ⋅ 𝑔𝑟𝑎𝑑[𝑇(𝑟, 𝜙, 𝑧, 𝑡)]−[�⃗�(𝑟, 𝜙, 𝑧, 𝑡) − �⃗̄�(𝑟, 𝜙, 𝑧, 𝑡)] ⋅ 𝑐(𝑇) ⋅

𝑇(𝑟, 𝜙, 𝑧, 𝑡) ⋅ 𝐶(𝑟, 𝜙, 𝑧, 𝑡)}  (1) 

 

Where the vector �⃗� is the speed of flow of the considered mixture of gases; parameter c is the capacity of 

heat; function T (r,,z,t) is the distribution of temperature in space and time; function p (r,,z,t) describes the 

power density, which stands out in the considered system substrate - keeper; r,  and z are the cylindrical 

coordinates; t is the current time; function C (r,,z,t) describes the distribution of concentration of mixture of 

gases in space and time; parameter  describes the conductivity of heat. The value of heat conductivity could 

be determined by the relation: 𝜆 = �̄�𝑙𝑐𝑣𝜌 3⁄ , where �̄� is the modulus of the mean squared speed of the gas 

molecules, which equal to �̄� = √2𝑘𝑇 𝑚⁄ , 𝑙 is the average free path of gas molecules between collisions, cv is 

the heat capacity at constant volume,  is the density of the gas. 

To solve this boundary problem, one shall take into account the moving of a mixture of gases and 

the concentration of this mixture. We calculate the required values by solving the equation of Navier-Stokes 

and the second Fourier law. We also assume that the radius of the keeper of substrate R is essentially larger 

than the thickness of diffusion and near-boundary layers. We also assume that stream of gas is laminar. In 

this situation, the appropriate equations could be written as (2) and (3). 

 
𝜕�⃗⃗�

𝜕𝑡
+ (�⃗� ⋅ 𝛻)�⃗� = −𝛻 (

𝑃

𝜉
) + 𝜈𝛥�⃗�, (2) 

 
𝜕𝐶(𝑟,𝜙,𝑧,𝑡)

𝜕𝑡
= 𝑑𝑖𝑣{𝐷 ⋅ 𝑔𝑟𝑎𝑑[𝐶(𝑟, 𝜙, 𝑧, 𝑡)] − [�⃗�(𝑟, 𝜙, 𝑧, 𝑡) − �⃗̄�] ⋅ 𝐶(𝑟, 𝜙, 𝑧, 𝑡)}  (3) 

 

Where D is the diffusion coefficient of a mixture of gases (gases-reagents and gas-carrier); P is the pressure; 

 is the kinematic viscosity. Let us consider the regime of the limiting flow, when all forthcoming to the disk 

molecules of depositing material are deposing on the considered substrate, flow is homogenous and one-

dimension. In this case, initial and boundary conditions could be written as (4). 

 

C (r,,-L,t) = C0, C (r,,0,t) = 0, C (r,0,z,t) = C (r,2,z,t), C (r,,z,0) = C0 (z+L), 

 

C (0,,z,t)  , 
𝜕𝐶(𝑟,𝜙,𝑧,𝑡)

𝜕𝑟
|
𝑟=𝑅

= 0, 
𝜕𝐶(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙
|
𝜙=0

=
𝜕𝐶(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙
|
𝜙=2𝜋

, T (r,,z,0) = Tr, 

−𝜆
𝜕𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝑟
|
𝑟=𝑅

= 𝜎𝑇4(𝑅, 𝜙, 𝑧, 𝑡), 
𝜕𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙
|
𝜙=0

=
𝜕𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙
|
𝜙=2𝜋

, 

−𝜆
𝜕𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝑧
|
𝑧=−𝐿

= 𝜎𝑇4(𝑟, 𝜙, −𝐿, 𝑡), T (r,0,z,t) = T (r,2,z,t), 
𝜕𝑣𝑟(𝑟,𝜙,𝑧,𝑡)

𝜕𝑟
|
𝑟=0

= 0, 

𝜕𝑣𝜙(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙
|
𝜙=0

=
𝜕𝑣𝜙(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙
|
𝜙=2𝜋

, 
𝜕𝑣𝜙(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙
|
𝜙=0

=
𝜕𝑣𝜙(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙
|
𝜙=2𝜋

, (4) 



Int J Adv Appl Sci  ISSN: 2252-8814  

 

On prognosis of variation of properties of multilayer structure by…(Evgeny Leonidovich Pankratov) 

347 

𝜕𝑣𝑟(𝑟,𝜙,𝑧,𝑡)

𝜕𝑟
|
𝑟=𝑅

= 0, −𝜆
𝜕𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝑧
|
𝑧=𝐿

= 𝜎𝑇4(𝑟, 𝜙, 𝑧, 𝑡), T (0,,z,t)  , vr (r,,-L,t) = 0, 

vr (r,,0,t) = 0, vr(r,,L,t) = 0, vr(r,0,z,t) = vr(r,2,z,t), vr (0,,z,t)  , v (r,,0,t) =  r, 

v (r,,-L,t) = 0, v (r,,L,t) = 0, v(r,0,z,t) = v(r,2,z,t), v(0,,z,t)  , vz(r,,-L,t) = V0, 

𝑣𝑧(𝑟,, 0, 𝑡) = �̅�𝑧, vz(r,,L,t) = 0, vz(r,0,z,t) = vz(r,2,z,t), vz(0,,z,t)  , vr(r,,z,0) = 0, 

v(r,,z,0) = 0, vz(r,,-L,0) = V0. 

 

Here parameter  is equal to  =5.67.10-8 W.m-2.K-4, parameter Tr describes the room temperature, 

parameter  describes the frequency of rotation of the substrate. Equations for components of velocity of 

flow with account cylindrical system of coordinate could be written as (5a)-(5c). 

 
𝜕𝑣𝑟

𝜕𝑡
= −𝑣𝑟

𝜕𝑣𝑟

𝜕𝑟
−

𝑣𝜙

𝑟

𝜕𝑣𝜙

𝜕𝜙
− 𝑣𝑧

𝜕𝑣𝑧

𝜕𝑧
+ 𝜈 (

𝜕2𝑣𝑟

𝜕𝑟2
+

𝜕2𝑣𝑟

𝜕𝑟𝜕𝑧
−

𝜕2𝑣𝑟

𝜕𝑧2
+

𝜕2𝑣𝑧

𝜕𝑟𝜕𝑧
) −

𝜕

𝜕𝑟
(
𝑃

𝜉
) (5a) 

 
𝜕𝑣𝜙

𝜕𝑡
= −𝑣𝑟

𝜕𝑣𝑟

𝜕𝑟
−

𝑣𝜙

𝑟

𝜕𝑣𝜙

𝜕𝜙
− 𝑣𝑧

𝜕𝑣𝑧

𝜕𝑧
+ 𝜈 (

1

𝑟

𝜕2𝑣𝑟

𝜕𝑟𝜕𝜙
+

2

𝑟2

𝜕2𝑣𝜙

𝜕𝜙2
−

1

𝑟2

𝜕2𝑣𝑟

𝜕𝜙𝜕𝑧
+

𝜕2𝑣𝜙

𝜕𝑧2
) −

1

𝑟

𝜕

𝜕𝜙
(
𝑃

𝜉
) (5b) 

 
𝜕𝑣𝑧

𝜕𝑡
= −𝑣𝑟

𝜕𝑣𝑟

𝜕𝑟
−

𝑣𝜙

𝑟

𝜕𝑣𝜙

𝜕𝜙
− 𝑣𝑧

𝜕𝑣𝑧

𝜕𝑧
+ 𝜈 (

𝜕2𝑣𝑟

𝜕𝑧2
+

𝜕2𝑣𝑧

𝜕𝑟2
+

1

𝑟2

𝜕2𝑣𝑧

𝜕𝜙2
) −

𝜕

𝜕𝑧
(
𝑃

𝜉
) (5c) 

 

We determine the solution of this system of equations by using the method of averaging function 

corrections [15]–[20]. Framework this approach to determine the first-order approximation of components of 

the speed of flow of a mixture of gases we replace the required functions on their average values vr→1r, 

v→1, vz→1z in right sides of equations of system (5). After the replacement, we obtain equations for the 

first-order approximations of the components. 

 
𝜕𝑣1𝑟

𝜕𝑡
= −

𝜕

𝜕𝑟
(
𝑃

𝜉
), 

𝜕𝑣1𝜙

𝜕𝑡
= −

1

𝑟

𝜕

𝜕𝜙
(
𝑃

𝜉
), 

𝜕𝑣1𝑧

𝜕𝑡
= −

𝜕

𝜕𝑧
(
𝑃

𝜉
). (6) 

 

Solutions to the above equations could be written as (7). 

 

𝑣1𝑟 = −
𝜕

𝜕𝑟
∫

𝑃

𝜉
𝑑𝜏

𝑡

0
, 𝑣1𝜙 = −

1

𝑟

𝜕

𝜕𝜙
∫

𝑃

𝜉
𝑑𝜏

𝑡

0
, 𝑣1𝑧 = −

𝜕

𝜕𝑧
∫

𝑃

𝜉
𝑑𝜏

𝑡

0
 (7) 

 

The second-order approximations of components of the speed of flow could be obtained by 

replacement of the required functions on the following sums vr→1r, v→1, vz→1z. Approximations for 

the components could be written as (8a)-(8c). 

 
𝜕𝑣2𝑟

𝜕𝑡
= 𝜈 (

𝜕2𝑣1𝑟

𝜕𝑟2
+

𝜕2𝑣1𝑟

𝜕𝑟𝜕𝑧
−

𝜕2𝑣1𝑟

𝜕𝑧2
+

𝜕2𝑣1𝑧

𝜕𝑟𝜕𝑧
) −

𝜕

𝜕𝑟
(
𝑃

𝜉
) − (𝛼2𝑟 + 𝑣1𝑟)

𝜕𝑣1𝑟

𝜕𝑟
−

(𝛼2𝜙+𝑣1𝜙)

𝑟

𝜕𝑣1𝑟

𝜕𝜙
  

−(𝛼2𝑧 + 𝑣1𝑧)
𝜕𝑣1𝑟

𝜕𝑧
, (8a) 

 

𝜕𝑣2𝜙

𝜕𝑡
= 𝜈 (

1

𝑟

𝜕2𝑣1𝑟

𝜕𝑟𝜕𝜙
+

2

𝑟2

𝜕2𝑣1𝜙

𝜕𝜙2
−

1

𝑟2

𝜕2𝑣1𝑟

𝜕𝜙𝜕𝑧
+

𝜕2𝑣1𝜙

𝜕𝑧2
) −

1

𝑟

𝜕

𝜕𝜙
(
𝑃

𝜉
) − (𝛼2𝑟 + 𝑣1𝑟)

𝜕𝑣1𝜙

𝜕𝑟
  

−
(𝛼2𝜙+𝑣1𝜙)

𝑟

𝜕𝑣1𝜙

𝜕𝜙
− (𝛼2𝑧 + 𝑣1𝑧)

𝜕𝑣1𝜙

𝜕𝑧
,  (8b) 

 

𝜕𝑣2𝑧

𝜕𝑡
= 𝜈 (

𝜕2𝑣1𝑟

𝜕𝑧2
+

𝜕2𝑣1𝑧

𝜕𝑟2
+

1

𝑟2

𝜕2𝑣1𝑧

𝜕𝜙2
) −

𝜕

𝜕𝑧
(
𝑃

𝜉
) − (𝛼2𝑟 + 𝑣1𝑟)

𝜕𝑣1𝑧

𝜕𝑟
−

(𝛼2𝜙+𝑣1𝜙)

𝑟

𝜕𝑣1𝑧

𝜕𝜙
  

−(𝛼2𝑧 + 𝑣1𝑧)
𝜕𝑣1𝑧

𝜕𝑧
 (8c) 

 

Integration of the above equations leads to the following result. 
 

𝑣2𝑟 = 𝜈 ∫ (
𝜕2𝑣1𝑟

𝜕𝑟2
+

𝜕2𝑣1𝑟

𝜕𝑟𝜕𝑧
−

𝜕2𝑣1𝑟

𝜕𝑧2
+

𝜕2𝑣1𝑧

𝜕𝑟𝜕𝑧
) 𝑑𝜏

𝑡

0
−

𝜕

𝜕𝑟
(∫

𝑃

𝜉
𝑑𝜏

𝑡

0
) − ∫ (𝛼2𝑟 + 𝑣1𝑟)

𝜕𝑣1𝑟

𝜕𝑟
𝑑𝜏

𝑡

0
  

−∫
(𝛼2𝜙+𝑣1𝜙)

𝑟

𝜕𝑣1𝑟

𝜕𝜙
𝑑𝜏

𝑡

0
− ∫ (𝛼2𝑧 + 𝑣1𝑧)

𝜕𝑣1𝑟

𝜕𝑧
𝑑𝜏

𝑡

0
,  (8d) 

 

𝑣2𝜙 = 𝜈 ∫ (
1

𝑟

𝜕2𝑣1𝑟

𝜕𝑟𝜕𝜙
+

2

𝑟2

𝜕2𝑣1𝜙

𝜕𝜙2
−

1

𝑟2

𝜕2𝑣1𝑟

𝜕𝜙𝜕𝑧
+

𝜕2𝑣1𝜙

𝜕𝑧2
) 𝑑𝜏

𝑡

0
−

1

𝑟

𝜕

𝜕𝜙
(∫

𝑃

𝜉
𝑑𝜏

𝑡

0
)  

−∫ (𝛼2𝑟 + 𝑣1𝑟)
𝜕𝑣1𝜙

𝜕𝑟
𝑑𝜏

𝑡

0
− ∫

(𝛼2𝜙+𝑣1𝜙)

𝑟

𝜕𝑣1𝜙

𝜕𝜙
𝑑𝜏

𝑡

0
− ∫ (𝛼2𝑧 + 𝑣1𝑧)

𝜕𝑣1𝜙

𝜕𝑧
𝑑𝜏

𝑡

0
,  (8e) 
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𝑣2𝑧 = 𝜈 ∫ (
𝜕2𝑣1𝑟

𝜕𝑧2
+

𝜕2𝑣1𝑧

𝜕𝑟2
+

1

𝑟2

𝜕2𝑣1𝑧

𝜕𝜙2
) 𝑑𝜏

𝑡

0
−

𝜕

𝜕𝑧
(∫

𝑃

𝜉
𝑑𝜏

𝑡

0
) − ∫ (𝛼2𝑟 + 𝑣1𝑟)

𝜕𝑣1𝑧

𝜕𝑟
𝑑𝜏

𝑡

0
−

∫
(𝛼2𝜙+𝑣1𝜙)

𝑟
(𝛼2𝜙 + 𝑣1𝜙)

𝜕𝑣1𝑧

𝜕𝜙
𝑑𝜏

𝑡

0
− ∫ (𝛼2𝑧 + 𝑣1𝑧)

𝜕𝑣1𝑧

𝜕𝑧
𝑑𝜏

𝑡

0
 (8f) 

 

We determine average values 2r, 2, 2z by (9). 

 

𝛼2𝑟 =
1

𝜋𝛩𝑅2𝐿
∫ ∫ 𝑟 ∫ ∫ (𝑣2𝑟 − 𝑣1𝑟)𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 

 

𝛼2𝜙 =
1

𝜋𝛩𝑅2𝐿
∫ ∫ 𝑟 ∫ ∫ (𝑣2𝜙 − 𝑣1𝜙)𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 

 

𝛼2𝑧 =
1

𝜋𝛩𝑅2𝐿
∫ ∫ 𝑟 ∫ ∫ (𝑣2𝑧 − 𝑣1𝑧)𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
,  (9) 

 

Where  is the continuance of moving of the mixture of gases through the reactor? Substitution of the first 

and second-order approximations of the required components of speed into the relation (9) give us the 

possibility to obtain a system of equations to determine required average values. 

 

{

𝐴1𝛼2𝑟 + 𝐵1𝛼2𝜙 + 𝐶1𝛼2𝑧 = 𝐷1
𝐴2𝛼2𝑟 + 𝐵2𝛼2𝜙 + 𝐶2𝛼2𝑧 = 𝐷2
𝐴3𝛼2𝑟 + 𝐵3𝛼2𝜙 + 𝐶3𝛼2𝑧 = 𝐷3

 (10) 

 

Where 𝐴1 = 1 + ∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫
𝜕𝑣1𝑟

𝜕𝑟
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 𝐵1 = ∫ (𝛩 − 𝑡) ∫ ∫ ∫

𝜕𝑣1𝑟

𝜕𝜙
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 

𝐶1 = 𝐶2 =
𝜋

2
𝛩2𝑅2𝑉0, 𝐷1 = 𝜈 ∫ ∫ 𝑟 ∫ ∫ (

𝜕2𝑣1𝑟

𝜕𝑟2
+

𝜕2𝑣1𝑟

𝜕𝑟𝜕𝑧
−

𝜕2𝑣1𝑟

𝜕𝑧2
+

𝜕2𝑣1𝑧

𝜕𝑟𝜕𝑧
) 𝑑𝑧𝑑𝜙𝑑𝑟(𝛩 −

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
 

−𝑡)𝑑𝑡 −
𝜋

8
𝛩2𝑅2𝑉0

2 −∫ (𝛩 − 𝑡)∫ 𝑟∫ ∫ 𝑣1𝑟
𝜕𝑣1𝑟
𝜕𝑟

𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡
𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0

−∫ ∫ ∫ ∫ 𝑣1𝜙
𝜕𝑣1𝑟
𝜕𝜙

𝑑𝑧𝑑𝜙𝑑𝑟
𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0

× 

× (𝛩 − 𝑡)𝑑𝑡, 𝐴2 = ∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫
𝜕𝑣1𝑟

𝜕𝑟
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 𝐵2 = 1 + ∫ ∫ ∫ ∫

𝜕𝑣1𝑟

𝜕𝜙
𝑑𝑧𝑑𝜙𝑑𝑟(𝛩 −

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
 

−𝑡) 𝑑 𝑡, 𝐷2 = 𝜈 ∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫ (
1

𝑟

𝜕2𝑣1𝑟

𝜕𝑟𝜕𝜙
+

2

𝑟2

𝜕2𝑣1𝜙

𝜕𝜙2
−

1

𝑟2

𝜕2𝑣1𝑟

𝜕𝜙𝜕𝑧
+

𝜕2𝑣1𝜙

𝜕𝑧2
) 𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
− 

−∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫ 𝑣1𝑟
𝜕𝑣1𝑟

𝜕𝑟
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
−

𝜋

8
𝛩2𝑅2𝑉0

2 − ∫ (𝛩 − 𝑡) ∫ ∫ ∫ 𝑣1𝜙
𝜕𝑣1𝑟

𝜕𝜙
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 

𝐴3 = ∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫
𝜕𝑣1𝑧

𝜕𝑟
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 𝐵3 = ∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫

𝜕𝑣1𝑧

𝜕𝜙
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 𝐶3 = 1 + 

+
𝜋

2
𝛩2𝑅2𝑉0, 𝐷3 = 𝜈 ∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫ (

𝜕2𝑣1𝑟

𝜕𝑧2
+

𝜕2𝑣1𝑧

𝜕𝑟2
+

1

𝑟2

𝜕2𝑣1𝑧

𝜕𝜙2
) 𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
− ∫ (𝛩 − 𝑡)

𝛩

0
× 

× ∫ 𝑟 ∫ ∫ 𝑣1𝑟
𝜕𝑣1𝑧

𝜕𝑟
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0
− ∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫ 𝑣1𝜙

𝜕𝑣1𝑧

𝜕𝜙
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
−

𝜋

8
𝛩2𝑅2𝑉0

2 . 

The solution of the above system of equations could be determined by standard approaches [21] and 

could be written as (11). 

 

𝛼2𝑟 = 𝛥𝑟 𝛥⁄ , 𝛼2𝜙 = 𝛥𝜙 𝛥⁄ , 𝛼2𝑧 = 𝛥𝑧 𝛥⁄ , (11) 

 

Where 𝛥 = 𝐴1(𝐵2𝐶3 − 𝐵3𝐶2) − 𝐵1(𝐴2𝐶3 − 𝐴3𝐶2) + 𝐶1(𝐴2𝐵3 − 𝐴3𝐵2), 𝛥𝑟 = 𝐷1(𝐵2𝐶3 − 𝐵3𝐶2) − 

−𝐵1(𝐷2𝐶3 − 𝐷3𝐶2) + 𝐶1(𝐷2𝐵3 − 𝐷3𝐵2), 𝛥𝜙 = 𝐷1(𝐵2𝐶3 − 𝐵3𝐶2) − 𝐵1(𝐷2𝐶3 − 𝐷3𝐶2) + 𝐶1 × 

× (𝐷2𝐵3 − 𝐷3𝐵2), 𝛥𝑧 = 𝐴1(𝐵2𝐷3 − 𝐵3𝐷2) − 𝐵1(𝐴2𝐷3 − 𝐴3𝐷2) + 𝐷1(𝐴2𝐵3 − 𝐴3𝐵2).  
In this section, we obtained components of velocity of the stream of a mixture of materials in the gas 

phase, which are used for the growth of heterostructure, and gas-carrier in the second-order approximation 

framework method of averaging function corrections. Usually, the second-order approximation is enough 

good approximation to make a qualitative analysis of obtained solution and to obtain some quantitative 

results. Let us rewrite (1) and (3) by using a cylindrical system of coordinates. 

 

𝑐
𝜕𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝑡
= 𝜆 [

𝜕2𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝑟2
+

1

𝑟2

𝜕2𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙2
+

𝜕2𝑇(𝑟,𝜙,𝑧,𝑡)

𝜕𝑧2
] − 𝑐 ⋅

𝜕

𝜕𝑟
{𝐶(𝑟, 𝜙, 𝑧, 𝑡) ⋅  

𝑇(𝑟, 𝜙, 𝑧, 𝑡) ⋅ [𝑣𝑟(𝑟, 𝜙, 𝑧, 𝑡) − �̄�𝑟(𝑟, 𝜙, 𝑧, 𝑡)]} −
𝑐

𝑟

𝜕

𝜕𝜙
{[𝑣𝜙(𝑟, 𝜙, 𝑧, 𝑡) − �̄�𝜙(𝑟, 𝜙, 𝑧, 𝑡)] ⋅ 𝐶(𝑟, 𝜙, 𝑧, 𝑡) ⋅ 

𝑇(𝑟, 𝜙, 𝑧, 𝑡)} − 𝑐 ⋅
𝜕

𝜕𝑧
{[𝑣𝑧(𝑟, 𝜙, 𝑧, 𝑡) − �̄�𝑧(𝑟, 𝜙, 𝑧, 𝑡)] ⋅ 𝐶(𝑟, 𝜙, 𝑧, 𝑡) ⋅ 𝑇(𝑟, 𝜙, 𝑧, 𝑡)} + 𝑝(𝑟, 𝜙, 𝑧, 𝑡) (12) 
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𝜕𝐶(𝑟,𝜙,𝑧,𝑡)

𝜕𝑡
=

1

𝑟

𝜕

𝜕𝑟
[𝑟𝐷

𝜕𝐶(𝑟,𝜙,𝑧,𝑡)

𝜕𝑟
] +

1

𝑟2

𝜕

𝜕𝜙
[𝐷

𝜕𝐶(𝑟,𝜙,𝑧,𝑡)

𝜕𝜙
] +

𝜕

𝜕𝑧
[𝐷

𝜕𝐶(𝑟,𝜙,𝑧,𝑡)

𝜕𝑧
] −

1

𝑟

𝜕

𝜕𝑟
{𝑟𝐶(𝑟, 𝜙, 𝑧, 𝑡) ⋅

[𝑣𝑟(𝑟, 𝜙, 𝑧, 𝑡) − �̄�𝑟(𝑟, 𝜙, 𝑧, 𝑡)]} −
1

𝑟

𝜕

𝜕𝜙
{𝑟𝐶(𝑟, 𝜙, 𝑧, 𝑡) ⋅ [𝑣𝜙(𝑟, 𝜙, 𝑧, 𝑡) − �̄�𝜙(𝑟, 𝜙, 𝑧, 𝑡)]} −

𝜕

𝜕𝑧
{𝐶(𝑟, 𝜙, 𝑧, 𝑡) ⋅ [𝑣𝑧(𝑟, 𝜙, 𝑧, 𝑡) − �̄�𝑧(𝑟, 𝜙, 𝑧, 𝑡)]}. (13) 

 

We calculate the distribution of temperature in space and time and the same distribution of 

concentration of the mixture of gases we used the method of an average of function corrections. To determine 

the first-order approximations of the required functions we replace them on their not yet known average 

values 1T and 1C on the right sides of the above equations. Further, we used a recently consider algorithm 

to obtain the first-order approximations of the temperature and concentration of the gas mixture. 

 

𝑇1(𝑟, 𝜙, 𝑧, 𝑡) = 𝑇𝑟 + ∫
𝑝(𝑟,𝜙,𝑧,𝜏)

𝑐
𝑑𝜏

𝑡

0
− 𝛼1𝑇𝛼1𝐶 ∫

𝜕[𝑣𝑟(𝑟,𝜙,𝑧,𝜏)−�̄�𝑟(𝑟,𝜙,𝑧,𝜏)]

𝜕𝑟
𝑑𝜏

𝑡

0
−

𝛼1𝑇𝛼1𝐶

𝑟
∫

𝜕[𝑣𝜙(𝑟,𝜙,𝑧,𝜏)−�̄�𝜙(𝑟,𝜙,𝑧,𝜏)]

𝜕𝜙
𝑑𝜏

𝑡

0
− 𝛼1𝑇𝛼1𝐶 ∫

𝜕[𝑣𝑧(𝑟,𝜙,𝑧,𝜏)−�̄�𝑧(𝑟,𝜙,𝑧,𝜏)]

𝜕𝑧
𝑑𝜏

𝑡

0
 (14) 

 

𝐶1(𝑟, 𝜙, 𝑧, 𝑡) = 𝐶0 −
𝛼1𝐶

𝑟
∫

𝜕{𝑟[𝑣𝑟(𝑟,𝜙,𝑧,𝜏)−�̄�𝑟(𝑟,𝜙,𝑧,𝜏)]}

𝜕𝑟
𝑑𝜏

𝑡

0
−

𝛼1𝐶

𝑟
∫

𝜕[𝑣𝜙(𝑟,𝜙,𝑧,𝜏)−�̄�𝜙(𝑟,𝜙,𝑧,𝜏)]

𝜕𝜙
𝑑𝜏

𝑡

0
−

𝛼1𝐶 ∫
𝜕[𝑣𝑧(𝑟,𝜙,𝑧,𝜏)−�̄�𝑧(𝑟,𝜙,𝑧,𝜏)]

𝜕𝑧
𝑑𝜏

𝑡

0
 (15) 

 

The above not yet known average values could be calculated by using the standard relations. 

 

𝛼1𝑇 =
1

𝜋𝛩𝑅2𝐿
∫ ∫ 𝑟 ∫ ∫ 𝑇1(𝑟, 𝜙, 𝑧, 𝜏)𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 

𝛼1𝐶 =
1

𝜋𝛩𝑅2𝐿
∫ ∫ 𝑟 ∫ ∫ 𝐶1(𝑟, 𝜙, 𝑧, 𝜏)𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
. (16) 

 

Substitution of the first-order approximations of temperature and concentration of gas mixture into relations 

(16) gives us the following results [20]. 

 

𝛼1𝐶 = 𝐶0 𝐿 ⋅ {1 +
1

𝜋𝛩𝑅𝐿
∫ (𝛩 − 𝑡) ∫ ∫ [𝑣𝑟(𝑅, 𝜙, 𝑧, 𝑡) − �̄�𝑟(𝑅, 𝜙, 𝑧, 𝑡)]𝑑𝑧𝑑𝜙𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝛩

0
+

𝛩𝑉0

𝑅𝐿
}⁄ , 

𝛼1𝑇 = [𝑇𝑟 +
1

𝜋𝛩𝑅2𝐿
∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫

𝑝(𝑟,𝜙,𝑧,𝑡)

𝑐
𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
] (1 +

𝐶0

𝜋𝛩𝑅𝐿2
{∫ (𝛩 − 𝑡) ×

𝛩

0
  

× ∫ ∫ [𝑣𝑟(𝑅, 𝜙, 𝑧, 𝜏) − �̄�𝑟(𝑅, 𝜙, 𝑧, 𝜏)]𝑑𝑧𝑑𝜙𝑑𝑡
𝐿

−𝐿

2𝜋

0
− ∫ ∫ ∫ ∫ [𝑣𝑟(𝑟, 𝜙, 𝑧, 𝑡) −

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0

�̄�𝑟(𝑟, 𝜙, 𝑧, 𝑡)]𝑑𝑧𝑑𝜙𝑑𝑟 × (𝛩 − 𝑡)𝑑𝑡
1

𝜋𝛩𝑅2
+

𝑉0

2
} {

1

𝜋𝛩𝑅𝐿
∫ (𝛩 − 𝑡) ∫ ∫ [𝑣𝑟(𝑅, 𝜙, 𝑧, 𝜏) −

𝐿

−𝐿

2𝜋

0

𝛩

0

�̄�𝑟(𝑅, 𝜙, 𝑧, 𝜏)]𝑑𝑧𝑑𝜙𝑑𝑡 +1 + 𝛩𝑉0 𝑅𝐿⁄ }−1)  
 

The second-order approximations of temperature and concentration of the mixture of gases  

we determine the framework for the method of averaging of function corrections [15]–[20], i.e. by 

replacement of the required functions on the right sides of (12) and (13) on the following sums T→2T +T1, 

C→2C +C1. In this case, the second-order approximations of the above-required functions could be written 

as (17a) and (17b). 

 

𝑐 ⋅ 𝑇2(𝑟, 𝜙, 𝑧, 𝑡) = 𝜆 ∫
𝜕2𝑇1(𝑟,𝜙,𝑧,𝜏)

𝜕𝑟2
𝑑𝜏

𝑡

0
+ 𝜆

1

𝑟2
∫

𝜕2𝑇1(𝑟,𝜙,𝑧,𝜏)

𝜕𝜙2
𝑑𝜏

𝑡

0
+ 𝜆 ∫

𝜕2𝑇1(𝑟,𝜙,𝑧,𝜏)

𝜕𝑧2
𝑑𝜏

𝑡

0
+  

−𝑐 ⋅
𝜕

𝜕𝑟
∫ {[𝑣𝑟(𝑟, 𝜙, 𝑧, 𝜏) − �̄�𝑟(𝑟, 𝜙, 𝑧, 𝜏)] ⋅ [𝛼2𝐶 + 𝐶1(𝑟, 𝜙, 𝑧, 𝜏)] ⋅ [𝛼2𝑇 + 𝑇1(𝑟, 𝜙, 𝑧, 𝜏)]}𝑑𝜏
𝑡

0
  

−
𝑐

𝑟

𝜕

𝜕𝜙
∫ {[𝛼2𝐶 + 𝐶1(𝑟, 𝜙, 𝑧, 𝜏)] ⋅ [𝑣𝜙(𝑟, 𝜙, 𝑧, 𝜏) − �̄�𝜙(𝑟, 𝜙, 𝑧, 𝜏)] ⋅ [𝛼2𝑇 + 𝑇1(𝑟, 𝜙, 𝑧, 𝜏)]}𝑑𝜏
𝑡

0
  

−𝑐 ⋅
𝜕

𝜕𝑧
∫ {[𝑣𝑧(𝑟, 𝜙, 𝑧, 𝜏) − �̄�𝑧(𝑟, 𝜙, 𝑧, 𝜏)] ⋅ [𝛼2𝐶 + 𝐶1(𝑟, 𝜙, 𝑧, 𝜏)] ⋅ [𝛼2𝑇 + 𝑇1(𝑟, 𝜙, 𝑧, 𝜏)]}𝑑𝜏
𝑡

0
  

+∫ 𝑝(𝑟, 𝜙, 𝑧, 𝜏)𝑑𝜏
𝑡

0
+ 𝑇𝑟, (17a) 

 

𝐶2(𝑟, 𝜙, 𝑧, 𝑡) =
1

𝑟

𝜕

𝜕𝑟
∫ 𝑟𝐷

𝜕𝐶1(𝑟,𝜙,𝑧,𝜏)

𝜕𝑟
𝑑𝜏

𝑡

0
+

1

𝑟2

𝜕

𝜕𝜙
∫ 𝐷

𝜕𝐶1(𝑟,𝜙,𝑧,𝜏)

𝜕𝜙
𝑑𝜏

𝑡

0
+

𝜕

𝜕𝑧
∫ 𝐷

𝜕𝐶1(𝑟,𝜙,𝑧,𝜏)

𝜕𝑧
𝑑𝜏

𝑡

0
  

−
1

𝑟

𝜕

𝜕𝑟
{𝑟 ∫ [𝛼2𝐶 + 𝐶1(𝑟, 𝜙, 𝑧, 𝜏)] ⋅ [𝑣𝑟(𝑟, 𝜙, 𝑧, 𝜏) − �̄�𝑟(𝑟, 𝜙, 𝑧, 𝜏)]𝑑𝜏

𝑡

0
}  

−
1

𝑟

𝜕

𝜕𝜙
∫ [𝛼2𝐶 + 𝐶1(𝑟, 𝜙, 𝑧, 𝜏)] ⋅ [𝑣𝜙(𝑟, 𝜙, 𝑧, 𝜏) − �̄�𝜙(𝑟, 𝜙, 𝑧, 𝜏)]𝑑𝜏
𝑡

0
+ 𝐶0𝛿(𝑧 + 𝐿)  

−
𝜕

𝜕𝑧
∫ [𝛼2𝐶 + 𝐶1(𝑟, 𝜙, 𝑧, 𝜏)] ⋅ [𝑣𝑧(𝑟, 𝜙, 𝑧, 𝜏) − �̄�𝑧(𝑟, 𝜙, 𝑧, 𝜏)]𝑑𝜏
𝑡

0
. (17b) 
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Averages values of the second-order approximations of temperature and concentration of mixture 

2T and 2C have been calculated by using the following standard relations. 

 

𝛼2𝑇 =
1

𝜋𝛩𝑅2𝐿
∫ ∫ 𝑟 ∫ ∫ (𝑇2 − 𝑇1)𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
, 

 

𝛼2𝐶 =
1

𝜋𝛩𝑅2𝐿
∫ ∫ 𝑟 ∫ ∫ (𝐶2 − 𝐶1)𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0
. (18) 

 

Substitution of the first- and the second-order approximations of temperature and concentration of mixture 

into relations (18) gives us the possibility to obtain equations to determine required average values. 

 

𝛼2𝑇 = (
𝜆𝜎

𝑐𝜋𝛩𝑅𝐿
∫ (𝛩 − 𝑡) ∫ ∫ 𝑇4(𝑅, 𝜙, 𝑧, 𝑡)𝑑𝑧𝑑𝜙𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝛩

0
− ∫ (𝛩 −

𝛩

0

𝑡) ∫ ∫ 𝑇1(𝑅, 𝜙, 𝑧, 𝑡)𝑑𝑧𝑑𝜙𝑑𝑡
𝐿

−𝐿

2𝜋

0
×

𝜆

𝑐𝜋𝛩𝑅2𝐿
+

𝜆

𝑐𝜋𝛩𝑅2𝐿
∫ (𝛩 − 𝑡) ∫ ∫ 𝑇1(0, 𝜙, 𝑧, 𝑡)𝑑𝑧𝑑𝜙𝑑𝑡

𝐿

−𝐿

2𝜋

0

𝛩

0
−

∫ (𝛩 − 𝑡) ∫ ∫ {𝑇1(𝑅, 𝜙, 𝑧, 𝑡) ×
𝐿

−𝐿

2𝜋

0

𝛩

0
[𝛼2𝐶 + 𝐶1(𝑅, 𝜙, 𝑧, 𝑡)] − 𝛼1𝑇𝛼1𝐶}[𝑣𝑟(𝑅, 𝜙, 𝑧, 𝑡) −

�̄�𝑟(𝑅, 𝜙, 𝑧, 𝑡)]𝑑𝑧𝑑𝜙𝑑𝑡
1

𝜋𝛩𝑅𝐿
−

1

𝜋𝛩𝑅2𝐿
× ∫ ∫ 𝑟 ∫ ∫ {𝑇1(𝑟, 𝜙, 𝑧, 𝑡)[𝛼2𝐶 + 𝐶1(𝑟, 𝜙, 𝑧, 𝑡)] − 𝛼1𝑇𝛼1𝐶} ⋅

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0

[𝑣𝑟(𝑟, 𝜙, 𝑧, 𝑡) − �̄�𝑟(𝑟, 𝜙, 𝑧, 𝑡)]𝑑𝑧𝑑𝜙𝑑𝑟 × (𝛩 − 𝑡)𝑑𝑡 −
𝑉0

𝜋𝛩𝑅2𝐿
∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ [𝑇1(𝑟, 𝜙, 𝐿, 𝑡)(𝛼2𝐶 +

2𝜋

0

𝑅

0

𝛩

0

𝐶0) − 𝛼1𝑇𝛼1𝐶]𝑑𝜙𝑑𝑟𝑑𝑡 {
1

𝜋𝛩𝑅𝐿
×∫ (𝛩 − 𝑡) ∫ ∫ [𝑣𝑟(𝑅, 𝜙, 𝑧, 𝑡) − �̄�𝑟(𝑅, 𝜙, 𝑧, 𝑡)][𝛼2𝐶 +

𝐿

−𝐿

2𝜋

0

𝛩

0

𝐶1(𝑅, 𝜙, 𝑧, 𝑡)]𝑑𝑧𝑑𝜙𝑑𝑡 + 1 −
1

𝜋𝛩𝑅2𝐿
× ∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ ∫ [𝑣𝑟(𝑟, 𝜙, 𝑧, 𝑡) − �̄�𝑟(𝑟, 𝜙, 𝑧, 𝑡)] ⋅

𝐿

−𝐿

2𝜋

0

𝑅

0

𝛩

0

[𝛼2𝐶 + 𝐶1(𝑟, 𝜙, 𝑧, 𝑡)]𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡 + (𝛼2𝐶 + 𝐶0) × +2𝛩𝑉0 𝐿⁄ }−1, 

 

𝛼2𝐶 =
1

𝜋𝛩𝑅2𝐿
∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ 𝐷 [

𝜕𝐶1(𝑟,𝜙,𝑧,𝜏)

𝜕𝑧
|
𝑧=𝐿

−
𝜕𝐶1(𝑟,𝜙,𝑧,𝜏)

𝜕𝑧
|
𝑧=−𝐿

] 𝑑𝜙𝑑𝑟𝑑𝑡
2𝜋

0

𝑅

0

𝛩

0
∫ (𝛩 −
𝛩

0

𝑡) ∫ ∫ {𝑟[𝛼2𝐶 − 𝛼1𝐶 + 𝐶1(𝑅, 𝜙, 𝑧, 𝜏)] ⋅ [𝑣𝑟(𝑅, 𝜙, 𝑧, 𝜏) − �̄�𝑟(𝑅, 𝜙, 𝑧, 𝜏)]}𝑑𝑧𝑑𝜙𝑑𝑡
𝐿

−𝐿

2𝜋

0
×

1

𝜋𝛩𝑅2𝐿
−

𝑉0

𝜋𝛩𝑅2𝐿
∫ (𝛩 − 𝑡) ∫ 𝑟 ∫ (𝛼2𝐶 − 𝛼1𝐶 + 𝐶0)𝑑𝑧𝑑𝜙𝑑𝑟𝑑𝑡

2𝜋

0

𝑅

0

𝛩

0
. 

 

After growing the buffer layer, we consider annealing the resulting two-layer structure. During the 

annealing, one can find diffusion mixing of the heterostructure layers. Thermal diffusion in this case will be 

one-dimensional and perpendicular to the interface between the layers. But due to the mismatch of the lattice 

constants of these layers, one can find mismatch-induced stress. In this situation to describe the mixing of 

layers, we use the second Fick's law in the following form [22], [23]. 

 
𝜕𝜌(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡
=

𝜕

𝜕𝑧
[𝐷

𝜕𝜌(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
] + 𝛺

𝜕

𝜕𝑥
[
𝐷𝑆

𝑘𝑇
𝛻𝑆𝜇(𝑥, 𝑦, 𝑧, 𝑡) ∫ 𝜌(𝑥, 𝑦,𝑊, 𝑡)𝑑𝑊

𝐿𝑧
0

] +

𝛺
𝜕

𝜕𝑦
[
𝐷𝑆

𝑘𝑇
𝛻𝑆𝜇(𝑥, 𝑦, 𝑧, 𝑡) ∫ 𝜌(𝑥, 𝑦,𝑊, 𝑡)𝑑𝑊

𝐿𝑧
0

] (19) 

 

With initial and boundary conditions. 

 
𝜕𝜌(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
|
𝑥=0

= 0, 
𝜕𝜌(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
|
𝑥=𝐿𝑥

= 0, 
𝜕𝜌(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
|
𝑦=0

= 0, 
𝜕𝜌(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
|
𝑥=𝐿𝑦

= 0, 

𝜕𝜌(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
|
𝑧=0

= 0, 
𝜕𝜌(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
|
𝑥=𝐿𝑧

= 0,  (x,y,z,0)=f  (x,y,z) 

 

In the above relations, the following denotations were introduced:  is the atomic volume of the 

dopant; s is the symbol of surficial gradient;  (x,y,z,T) is the diffusant concentration; ∫ 𝜌(𝑥, 𝑦, 𝑧, 𝑡)𝑑𝑧
𝐿𝑧
0

 is 

the surficial concentration of the considered diffusant on the interface between layers of heterostructure;  

(x,y,z,t) is the chemical potential due to the presence of mismatch-induced stress; D and DS are the 

coefficients of volumetric and surficial diffusions. Values of dopant diffusions coefficients depend on 

properties of materials of the heterostructure, speed of heating and cooling of materials during annealing, and 

Spatio-temporal distribution of concentration of dopant. Dependences of dopant diffusions coefficients on 

parameters could be approximated by the following relations [23]. 

 

𝐷𝐶 = 𝐷𝐿(𝑥, 𝑦, 𝑧, 𝑇) [1 + 𝜉
𝜌𝛾(𝑥,𝑦,𝑧,𝑡)

𝑃𝛾(𝑥,𝑦,𝑧,𝑇)
], 𝐷𝑆 = 𝐷𝑆𝐿(𝑥, 𝑦, 𝑧, 𝑇) [1 + 𝜉𝑆

𝜌𝛾(𝑥,𝑦,𝑧,𝑡)

𝑃𝛾(𝑥,𝑦,𝑧,𝑇)
] (20) 

 



Int J Adv Appl Sci  ISSN: 2252-8814  

 

On prognosis of variation of properties of multilayer structure by…(Evgeny Leonidovich Pankratov) 

351 

Here DL (x,y,z,T) and DLS (x,y,z,T) are the spatial (due to accounting for all layers of heterostructure) 

and temperature (due to Arrhenius law) dependences of dopant diffusion coefficients; T is the temperature of 

annealing; P (x,y,z,T) is the limit of solubility of dopant; parameter  depends on properties of materials and 

could be an integer in the following interval  [1], [4], [23]. The concentration dependence of diffusion 

coefficients was described in detail in [23]. Chemical potential  in (19) could be determined by the 

following relation [24]. 

 

 =E(z)ij [uij(x,y,z,t)+uji(x,y,z,t)]/2, (21) 

 

Where E(z) is the Young modulus, ij is the stress tensor; 𝑢𝑖𝑗 =
1

2
(
𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
) is the deformation tensor; ui, uj 

are the components ux(x,y,z,t), uy(x,y,z,t) and uz(x,y,z,t) of the displacement vector �⃗⃗�(𝑥, 𝑦, 𝑧, 𝑡); xi, xj are the 

coordinate x, y, z. The (21) could be transformed into the following form. 

 

𝜇1(𝑥, 𝑦, 𝑧, 𝑡) = 𝐸(𝑧)
𝛺

2
[
𝜕𝑢𝑖(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑗
+

𝜕𝑢𝑗(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑖
] {
1

2
[
𝜕𝑢𝑖(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑗
+

𝜕𝑢𝑗(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑖
] − 휀0𝛿𝑖𝑗 +

𝜎(𝑧)𝛿𝑖𝑗

1−2𝜎(𝑧)
[
𝜕𝑢𝑘(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑘
− 3휀0] − 𝐾(𝑧)𝛽(𝑧)[𝑇(𝑥, 𝑦, 𝑧, 𝑡) − 𝑇0]𝛿𝑖𝑗}, 

 

𝜇(𝑥, 𝑦, 𝑧, 𝑡) = [
𝜕𝑢𝑖(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑗
+

𝜕𝑢𝑗(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑖
] {
1

2
[
𝜕𝑢𝑖(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑗
+

𝜕𝑢𝑗(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑖
] − 휀0𝛿𝑖𝑗 +

𝜎(𝑧)𝛿𝑖𝑗

1−2𝜎(𝑧)
[
𝜕𝑢𝑘(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑘
−

3휀0] − 𝐾(𝑧)𝛽(𝑧)[𝑇(𝑥, 𝑦, 𝑧, 𝑡) − 𝑇0]𝛿𝑖𝑗}
𝛺

2
𝐸(𝑧), 

 

Where  is Poisson coefficient; 0 = (as-aEL)/aEL is the mismatch parameter; as, aEL are lattice distances of the 

substrate and the epitaxial layer; K is the modulus of uniform compression;  is the coefficient of thermal 

expansion; Tr is the equilibrium temperature, which coincides (for our case) with room temperature. 

Components of displacement vector could be obtained by solution of the following [24]. 

 

{
 
 

 
 𝜌(𝑧)

𝜕2𝑢𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
=

𝜕𝜎𝑥𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
+

𝜕𝜎𝑥𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
+

𝜕𝜎𝑥𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧

𝜌(𝑧)
𝜕2𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
=

𝜕𝜎𝑦𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
+

𝜕𝜎𝑦𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
+

𝜕𝜎𝑦𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧

𝜌(𝑧)
𝜕2𝑢𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
=

𝜕𝜎𝑧𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
+

𝜕𝜎𝑧𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
+

𝜕𝜎𝑧𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧

  

 

Where 

 

𝜎𝑖𝑗 =
𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕𝑢𝑖(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑗
+
𝜕𝑢𝑗(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑖
−
𝛿𝑖𝑗

3

𝜕𝑢𝑘(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑘
] + 𝐾(𝑧)𝛿𝑖𝑗 ×

𝜕𝑢𝑘(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝑘
− 𝛽(𝑧)𝐾(𝑧)[𝑇(𝑥, 𝑦, 𝑧, 𝑡) − 𝑇𝑟]  

 

 (z) is the density of materials of the heterostructure, ij Is the Kronecker symbol. With account the relation 

for ij last system of the equation could be written as (22). 

 

𝜌(𝑧)
𝜕2𝑢𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
= {𝐾(𝑧) +

5𝐸(𝑧)

6[1+𝜎(𝑧)]
}
𝜕2𝑢𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥2
+ {𝐾(𝑧) −

𝐸(𝑧)

3[1+𝜎(𝑧)]
} ×

𝜕2𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑦
+

𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕2𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦2
+

𝜕2𝑢𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧2
] + [𝐾(𝑧) +

𝐸(𝑧)

3[1+𝜎(𝑧)]
] ×

𝜕2𝑢𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑧
− 𝐾(𝑧)𝛽(𝑧)

𝜕𝑇(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
  

𝜌(𝑧)
𝜕2𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
=

𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕2𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥2
+

𝜕2𝑢𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑦
] −

𝜕𝑇(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
× 𝐾(𝑧)𝛽(𝑧) +

𝜕

𝜕𝑧
{

𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
+

𝜕𝑢𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
]} +

𝜕2𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦2
  

× {
5𝐸(𝑧)

12[1+𝜎(𝑧)]
+ 𝐾(𝑧)} + {𝐾(𝑧) −

𝐸(𝑧)

6[1+𝜎(𝑧)]
}
𝜕2𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦𝜕𝑧
+ 𝐾(𝑧)

𝜕2𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑦
  

𝜌(𝑧)
𝜕2𝑢𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
=

𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕2𝑢𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥2
+

𝜕2𝑢𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦2
+

𝜕2𝑢𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑧
+
𝜕2𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦𝜕𝑧
] +

𝜕

𝜕𝑧
{𝐾(𝑧) [

𝜕𝑢𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
+

𝜕𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
+

𝜕𝑢𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
]} +

1

6

𝜕

𝜕𝑧
{
𝐸(𝑧)

1+𝜎(𝑧)
[6

𝜕𝑢𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
−

𝜕𝑢𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
−

𝜕𝑢𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
−

𝜕𝑢𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
]} − 𝐾(𝑧)𝛽(𝑧)

𝜕𝑇(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
  (22) 

 

Conditions for the system of (8) could be written in the form. 
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𝜕�⃗⃗⃗�(0,𝑦,𝑧,𝑡)

𝜕𝑥
= 0; 

𝜕�⃗⃗⃗�(𝐿𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
= 0; 

𝜕�⃗⃗⃗�(𝑥,0,𝑧,𝑡)

𝜕𝑦
= 0; 

𝜕�⃗⃗⃗�(𝑥,𝐿𝑦,𝑧,𝑡)

𝜕𝑦
= 0; 

𝜕�⃗⃗⃗�(𝑥,𝑦,0,𝑡)

𝜕𝑧
= 0; 

𝜕�⃗⃗⃗�(𝑥,𝑦,𝐿𝑧,𝑡)

𝜕𝑧
= 0; �⃗⃗�(𝑥, 𝑦, 𝑧, 0) = �⃗⃗�0; �⃗⃗�(𝑥, 𝑦, 𝑧,∞) = �⃗⃗�0 

 

The distribution of the concentration of the diffusing substance has been calculated by using the 

method of averaging functional corrections. The first-order approximation could be determined by the 

following relation. 

 

𝜌1(𝑥, 𝑦, 𝑧, 𝑡) = 𝛼1𝐶𝛺
𝜕

𝜕𝑥
∫ 𝐷𝑆𝐿(𝑥, 𝑦, 𝑧, 𝑇)𝛻𝑆𝜇1(𝑥, 𝑦, 𝑧, 𝜏)

𝑧

𝑘𝑇
[1 +

𝜉𝑆𝛼1𝐶
𝛾

𝑃𝛾(𝑥,𝑦,𝑧,𝑇)
] 𝑑𝜏

𝑡

0
+

𝛼1𝐶𝛺
𝜕

𝜕𝑦
∫ 𝐷𝑆𝐿(𝑥, 𝑦, 𝑧, 𝑇)𝛻𝑆𝜇1(𝑥, 𝑦, 𝑧, 𝜏)

𝑧

𝑘𝑇
[1 +

𝜉𝑆𝛼1𝐶
𝛾

𝑃𝛾(𝑥,𝑦,𝑧,𝑇)
] 𝑑𝜏

𝑡

0
+ 𝑓𝜌(𝑥, 𝑦, 𝑧) (19a) 

 

The average value of the considered approximation of the considered function could be calculated by using 

the standard relation [15]. 

 

𝛼1𝜌 =
1

𝛩𝐿𝑥𝐿𝑦𝐿𝑧
∫ ∫ ∫ ∫ 𝜌1(𝑥, 𝑦, 𝑧, 𝑡)𝑑𝑧𝑑𝑦𝑑𝑥𝑑𝑡

𝐿𝑧
0

𝐿𝑦
0

𝐿𝑥
0

𝛩

0
 (23) 

 

Substitution of relation (19a) into relation (23) allows obtaining the desired average values in the 

following form: 𝛼1𝜌 =
1

𝐿𝑥𝐿𝑦𝐿𝑧
∫ ∫ ∫ 𝑓𝜌(𝑥, 𝑦, 𝑧)𝑑𝑧𝑑𝑦𝑑𝑥

𝐿𝑧
0

𝐿𝑦
0

𝐿𝑥
0

. Next, we calculate the second-order 

approximation of the considered concentration of the diffusant by using the standard iterative procedure of 

the method of averaging functional corrections [16]. The required approximation was calculated by the 

following relation. 

 

𝜌2(𝑥, 𝑦, 𝑧, 𝑡) =
𝜕

𝜕𝑧
∫ 𝐷𝐿(𝑥, 𝑦, 𝑧, 𝑇)

𝜕𝜌1(𝑥,𝑦,𝑧,𝜏)

𝜕𝑧
{1 + 𝜉

[𝛼2𝐶+𝜌1(𝑥,𝑦,𝑧,𝜏)]
𝛾

𝑃𝛾(𝑥,𝑦,𝑧,𝑇)
} 𝑑𝜏 +

𝑡

0
𝑓𝜌(𝑥, 𝑦, 𝑧) +

𝛺
𝜕

𝜕𝑥
∫

𝐷𝑆

𝑘𝑇
𝛻𝑆𝜇(𝑥, 𝑦, 𝑧, 𝜏) ∫ [𝛼2𝜌 + 𝜌1(𝑥, 𝑦,𝑊, 𝜏)]𝑑𝑊

𝐿𝑧
0

𝑑𝜏
𝑡

0
+ 𝛺

𝜕

𝜕𝑦
∫

𝐷𝑆

𝑘𝑇
𝛻𝑆𝜇(𝑥, 𝑦, 𝑧, 𝜏) ∫ [𝛼2𝜌 +

𝐿𝑧
0

𝑡

0

𝜌1(𝑥, 𝑦,𝑊, 𝜏)]𝑑𝑊 𝑑𝜏. (19b) 

 

The average value of the second-order approximation of the required concentration 2 is determined using 

the standard relation [15]. 

 

𝛼2𝜌 =
1

𝛩𝐿𝑥𝐿𝑦𝐿𝑧
∫ ∫ ∫ ∫ [𝜌2(𝑥, 𝑦, 𝑧, 𝑡) − 𝜌1(𝑥, 𝑦, 𝑧, 𝑡)]𝑑𝑧𝑑𝑦𝑑𝑥𝑑𝑡

𝐿𝑧
0

𝐿𝑦
0

𝐿𝑥
0

𝛩

0
 (24) 

 

Substitution of relations (19a) and (19b) into relation (24) gives a possibility to obtain a relation for 

the required average value: 2=0. Next, let us solve equations of system (22), i.e., to obtain components of 

the displacement vector. Equations for the first-order approximations of the considered components after 

appropriate substitution into the (22) take the form. 

 

{
 
 

 
 𝜌(𝑧)

𝜕2𝑢1𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
= −𝐾(𝑧)𝛽(𝑧)

𝜕𝑇(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥

𝜌(𝑧)
𝜕2𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
= −𝐾(𝑧)𝛽(𝑧)

𝜕𝑇(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦

𝜌(𝑧)
𝜕2𝑢1𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
= −𝐾(𝑧)𝛽(𝑧)

𝜕𝑇(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧

  (22a) 

 

Integration of the left and right sides of the (1b), (3b), and (5b) on time gives us the possibility to obtain 

relations for the above approximation in the final form. 

 

𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0𝑥 + 𝐾(𝑧)
𝛽(𝑧)

𝜌(𝑧)

𝜕

𝜕𝑥
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
− 𝐾(𝑧)

𝛽(𝑧)

𝜌(𝑧)

𝜕

𝜕𝑥
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
, 

 

𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0𝑦 + 𝐾(𝑧)
𝛽(𝑧)

𝜌(𝑧)

𝜕

𝜕𝑦
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
− 𝐾(𝑧)

𝛽(𝑧)

𝜌(𝑧)

𝜕

𝜕𝑦
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
, 

 

𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0𝑧 + 𝐾(𝑧)
𝛽(𝑧)

𝜌(𝑧)

𝜕

𝜕𝑧
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
− 𝐾(𝑧)

𝛽(𝑧)

𝜌(𝑧)

𝜕

𝜕𝑧
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
. 



Int J Adv Appl Sci  ISSN: 2252-8814  

 

On prognosis of variation of properties of multilayer structure by…(Evgeny Leonidovich Pankratov) 

353 

Approximations of the second and higher orders of components of displacement vector could be 

determined by using standard procedure. The equations for the required components after the standard 

substitution takes the following form: 

 

𝜌(𝑧)
𝜕2𝑢2𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
= {𝐾(𝑧) +

5𝐸(𝑧)

6[1+𝜎(𝑧)]
}
𝜕2𝑢1𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥2
+ {𝐾(𝑧) −

𝐸(𝑧)

3[1+𝜎(𝑧)]
}
𝜕2𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑦
+  

×
𝜕2𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑦
+

𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕2𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦2
+

𝜕2𝑢1𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧2
] −

𝜕𝑇(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
×  

× 𝐾(𝑧)𝛽(𝑧) + {𝐾(𝑧) +
𝐸(𝑧)

3[1+𝜎(𝑧)]
}
𝜕2𝑢1𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑧
  

𝜌(𝑧)
𝜕2𝑢2𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
=

𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕2𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥2
+

𝜕2𝑢1𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑦
] −

𝜕𝑇(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
×  

× 𝐾(𝑧)𝛽(𝑧) +
𝜕

𝜕𝑧
{

𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
+

𝜕𝑢1𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
]} +

𝜕2𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦2
×  

× {
5𝐸(𝑧)

12[1+𝜎(𝑧)]
+ 𝐾(𝑧)} + {𝐾(𝑧) −

𝐸(𝑧)

6[1+𝜎(𝑧)]
}
𝜕2𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦𝜕𝑧
+ 𝐾(𝑧)

𝜕2𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑦
  

𝜌(𝑧)
𝜕2𝑢2𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑡2
=

𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕2𝑢1𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥2
+

𝜕2𝑢1𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦2
+

𝜕2𝑢1𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥𝜕𝑧
+  

+
𝜕2𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦𝜕𝑧
] +

𝜕

𝜕𝑧
{𝐾(𝑧) [

𝜕𝑢1𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
+

𝜕𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
+

𝜕𝑢1𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
]} +  

+
𝐸(𝑧)

6[1+𝜎(𝑧)]

𝜕

𝜕𝑧
[6

𝜕𝑢1𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
−

𝜕𝑢1𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
−

𝜕𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
−

𝜕𝑢1𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
] −  

−
𝜕𝑢1𝑥(𝑥,𝑦,𝑧,𝑡)

𝜕𝑥
−

𝜕𝑢1𝑦(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
−

𝜕𝑢1𝑧(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
]}

𝐸(𝑧)

1+𝜎(𝑧)
− 𝐾(𝑧)𝛽(𝑧)

𝜕𝑇(𝑥,𝑦,𝑧,𝑡)

𝜕𝑧
. 

 

Integration of the left and right sides of the above relations on time t leads to the following result: 

𝑢2𝑥(𝑥, 𝑦, 𝑧, 𝑡) =
1

𝜌(𝑧)
{𝐾(𝑧) +

5𝐸(𝑧)

6[1+𝜎(𝑧)]
}
𝜕2

𝜕𝑥2
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
+

1

𝜌(𝑧)
{𝐾(𝑧)−   

−
𝐸(𝑧)

3[1+𝜎(𝑧)]
}

𝜕2

𝜕𝑥𝜕𝑦
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
+

𝐸(𝑧)

2𝜌(𝑧)
[
𝜕2

𝜕𝑦2
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
+  

+
𝜕2

𝜕𝑧2
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
]

1

1+𝜎(𝑧)
+

1

𝜌(𝑧)

𝜕2

𝜕𝑥𝜕𝑧
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
{𝐾(𝑧)+   

+
𝐸(𝑧)

3[1+𝜎(𝑧)]
} − 𝐾(𝑧)

𝛽(𝑧)

𝜌(𝑧)

𝜕

𝜕𝑥
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
−

𝜕2

𝜕𝑥2
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
×  

×
1

𝜌(𝑧)
{𝐾(𝑧) +

5𝐸(𝑧)

6[1+𝜎(𝑧)]
} − {𝐾(𝑧) −

𝐸(𝑧)

3[1+𝜎(𝑧)]
}

𝜕2

𝜕𝑥𝜕𝑦
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
×  

×
1

𝜌(𝑧)
−

𝐸(𝑧)

2𝜌(𝑧)[1+𝜎(𝑧)]
[
𝜕2

𝜕𝑦2
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+

𝜕2

𝜕𝑧2
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
] −  

−
1

𝜌(𝑧)
{𝐾(𝑧) +

𝐸(𝑧)

3[1+𝜎(𝑧)]
}

𝜕2

𝜕𝑥𝜕𝑧
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+ 𝑢0𝑥 + 𝐾(𝑧)

𝛽(𝑧)

𝜌(𝑧)
×  

×
𝜕

𝜕𝑥
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
  

𝑢2𝑦(𝑥, 𝑦, 𝑧, 𝑡) =
𝐸(𝑧)

2𝜌(𝑧)[1+𝜎(𝑧)]
[
𝜕2

𝜕𝑥2
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
+

𝜕2

𝜕𝑥𝜕𝑦
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
] +  

×
1

1+𝜎(𝑧)
+

𝐾(𝑧)

𝜌(𝑧)

𝜕2

𝜕𝑥𝜕𝑦
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
+

1

𝜌(𝑧)
{

5𝐸(𝑧)

12[1+𝜎(𝑧)]
+ 𝐾(𝑧)} ×  

×
𝜕2

𝜕𝑦2
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
+

1

2𝜌(𝑧)

𝜕

𝜕𝑧
{
𝐸(𝑧)

1+𝜎(𝑧)
[
𝜕

𝜕𝑧
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
+  

+
𝜕

𝜕𝑦
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
]} − 𝐾(𝑧)

𝛽(𝑧)

𝜌(𝑧)
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
− {

𝐸(𝑧)

6[1+𝜎(𝑧)]
−  

−𝐾(𝑧)}
1

𝜌(𝑧)

𝜕2

𝜕𝑦𝜕𝑧
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

𝑡

0
−

𝐸(𝑧)

2𝜌(𝑧)
[
𝜕2

𝜕𝑥2
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+  

+
𝜕2

𝜕𝑥𝜕𝑦
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
]

1

1+𝜎(𝑧)
− 𝐾(𝑧)

𝛽(𝑧)

𝜌(𝑧)
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
−

𝐾(𝑧)

𝜌(𝑧)
×  

×
𝜕2

𝜕𝑥𝜕𝑦
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
−

1

𝜌(𝑧)

𝜕2

𝜕𝑦2
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
{

5𝐸(𝑧)

12[1+𝜎(𝑧)]
+  

+𝐾(𝑧)} −
𝜕

𝜕𝑧
{
𝐸(𝑧)

1+𝜎(𝑧)
[
𝜕

𝜕𝑧
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+

𝜕

𝜕𝑦
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
]} ×  

×
1

2𝜌(𝑧)
−

1

𝜌(𝑧)
{𝐾(𝑧) −

𝐸(𝑧)

6[1+𝜎(𝑧)]
}

𝜕2

𝜕𝑦𝜕𝑧
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+ 𝑢0𝑦  

𝑢𝑧(𝑥, 𝑦, 𝑧, 𝑡) =
𝐸(𝑧)

2[1+𝜎(𝑧)]
[
𝜕2

𝜕𝑥2
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+

𝜕2

𝜕𝑦2
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+  

+
𝜕2

𝜕𝑥𝜕𝑧
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+

𝜕2

𝜕𝑦𝜕𝑧
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
]

1

𝜌(𝑧)
+

1

𝜌(𝑧)
×  

×
𝜕

𝜕𝑧
{𝐾(𝑧) [

𝜕

𝜕𝑥
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+

𝜕

𝜕𝑦
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+  

+
𝜕

𝜕𝑧
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
]} +

1

6𝜌(𝑧)

𝜕

𝜕𝑧
{
𝐸(𝑧)

1+𝜎(𝑧)
[6

𝜕

𝜕𝑧
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
−  
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−
𝜕

𝜕𝑥
∫ ∫ 𝑢1𝑥(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
−

𝜕

𝜕𝑦
∫ ∫ 𝑢1𝑦(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
−

𝜕

𝜕𝑧
∫ ∫ 𝑢1𝑧(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
]} −  

−𝐾(𝑧)
𝛽(𝑧)

𝜌(𝑧)

𝜕

𝜕𝑧
∫ ∫ 𝑇(𝑥, 𝑦, 𝑧, 𝜏)𝑑𝜏𝑑𝜗

𝜗

0

∞

0
+ 𝑢0𝑧. 

 

In this paper, we calculate concentrations of a mixture of gases and a diffusing material in the 

considered heterostructure, distribution of temperature, and components of displacement vector as the 

second-order approximations in the framework of the method of averaging functional corrections. This 

approximation is usually enough good for obtaining qualitative conclusions and obtaining some quantitative 

results. The results of analytical calculations were verified by comparing them with the results of numerical 

simulation. 

 

 

3. DISCUSSION 

In this section, we analyzed the diffusion mixing of the heterostructure layers during annealing with 

account for the relaxation of mismatch-induced stresses. Typical distributions of diffusant concentrations in 

the considered heterostructure are shown in Figure 2 for the different continuance of annealing time. The 

conclusions, in this case, are standard: an increase in the duration of annealing leads to a more homogenous 

distribution of the diffusant. At the same time mixing of heterostructure materials leads to decreasing in 

mechanical stresses as shown in Figure 3. It should be noted that the porosity of the buffer layer leads to 

increasing this effect. 

 

 

 
 

 
 

Figure 2. Spatial distributions of diffusant in the 

considered heterostructure at different values of the 

continuance of annealing time. Increasing of 

number of curves corresponds to increasing the 

continuance of annealing time 

Figure 3. Normalized dependences of the component 

of the displacement vector uz on the z coordinate (a is 

the thickness of the buffer layer). Increasing of 

number of curves corresponds to increasing the 

continuance of annealing time 

 

 

4. CONCLUSION 

In this paper, we analyzed the effect of processing the substrate, which precedes the growth of new 

epitaxial layers, on the properties of the grown heterostructure. It has been shown, that growth of the new 

epitaxial layer on the buffer layer after preliminary (before the start of growth) annealing decreases the value 

of mismatch-induced stresses. An analytical approach has been introduced for the analysis of mass and heat 

transfer in a multilayer structure with account mismatch-induced stress. 

 

 

REFERENCES 
[1] I. P. Stepanenko, Basis of microelectronics. Moscow: Soviet Radio, 1980. 

[2] V. G. Gusev and Y. M. Gusev, Electronics. Moscow: Higher School, 1991. 

[3] M. Mitsuhara, M. Ogasawara, and H. Sugiura, “Beryllium doping of InP during metalorganic molecular beam epitaxy using 
bismethylcyclopentadienyl-beryllium,” Journal of Crystal Growth, vol. 183, no. 1–2, pp. 38–42, Jan. 1998, doi: 10.1016/s0022-

0248(97)00336-9. 

[4] V. I. Lachin and N. S. Savelov, Electronics. Rostov-on-Don, Phenics, 2001. 
[5] A. A. Vorob’ev, V. V Korablev, and S. Y. Karpov, “The use of magnesium to dope gallium nitride obtained by molecular-beam 

epitaxy from activated nitrogen,” Semiconductors, vol. 37, no. 7, pp. 838–842, Jul. 2003, doi: 10.1134/1.1592861. 



Int J Adv Appl Sci  ISSN: 2252-8814  

 

On prognosis of variation of properties of multilayer structure by…(Evgeny Leonidovich Pankratov) 

355 

[6] L. M. Sorokin et al., “Electron-microscopic investigation of a SiC/Si(111) structure obtained by solid phase epitaxy,” Technical 
Physics Letters, vol. 34, no. 11, pp. 992–994, Nov. 2008, doi: 10.1134/s1063785008110278. 

[7] W. V Lundin et al., “Effect of carrier gas and doping profile on the surface morphology of MOVPE grown heavily doped GaN: 

Mg layers,” Semiconductors, vol. 43, no. 7, pp. 963–967, Jul. 2009, doi: 10.1134/s1063782609070276. 
[8] Y. E. Bravo-Garcia, P. Rodriguez-Fragoso, J. G. Mendoza-Alvarez, and G. G. de la Cruz, “Growth and characterization of 

InAsSb layers on GaSb substrates by liquid phase epitaxy,” Materials Science in Semiconductor Processing, vol. 40, pp. 253–256, 

Dec. 2015, doi: 10.1016/j.mssp.2015.06.062. 
[9] Y. Li et al., “Effects of x-ray irradiation on polycrystalline silicon, thin-film transistors,” Journal of Applied Physics, vol. 99, no. 

6, p. 64501, Mar. 2006, doi: 10.1063/1.2179149. 

[10] A. Chakraborty et al., “Nonpolar a-plane p-type GaN and p-n Junction Diodes,” Journal of Applied Physics, vol. 96, no. 8, pp. 
4494–4499, Oct. 2004, doi: 10.1063/1.1790065. 

[11] H. Taguchia, S. Miyakea, A. Suzukib, S. Kamiyamab, and Y. Fujiwarac, “none,” Mat. Sci. Sem. Proc., vol. 41, pp. 61–89, 2016. 

[12] R. A. Talalaev, E. V Yakovlev, S. Y. Karpov, and Y. N. Makarov, “On low temperature kinetic effects in metal-organic vapor 
phase epitaxy of III-V compounds,” Journal of Crystal Growth, vol. 230, no. 1–2, pp. 232–238, Aug. 2001, doi: 10.1016/s0022-

0248(01)01354-9. 

[13] S. A. Kukushkin, A. V Osipov, and A. I. Romanychev, “Epitaxial growth of zinc oxide by the method of atomic layer deposition 
on SiC/Si substrates,” Physics of the Solid State, vol. 58, no. 7, pp. 1448–1452, Jul. 2016, doi: 10.1134/s1063783416070246. 

[14] H. S. Carslaw and J. C. Jaeger, Conduction of heat in solids. Oxford, Clarendon Press, 1964. 

[15] “Yu.D. Sokolov,” Applied Mechanics, vol. 1, no. 1, pp. 23–35, 1955. 
[16] E. L. Pankratov, “Decreasing of Depth of Junction in a Semiconductor Heterostructure by Serial Radiation Processing and 

Microwave Annealing,” Journal of Computational and Theoretical Nanoscience, vol. 9, no. 1, pp. 41–49, Jan. 2012, doi: 

10.1166/jctn.2012.1994. 
[17] E. Pankratov and E. Bulaeva, “Decreasing of quantity of radiation defects in an implanted-junction rectifiers by using overlayers,” 

International Journal of Micro-Nano Scale Transport, vol. 3, no. 3–4, pp. 119–130, Sep. 2012, doi: 10.1260/1759-3093.3.3-

4.119. 
[18] E. L. Pankratov and E. A. Bulaeva, “On Prognosis of Epitaxy from Gas Phase Process to Improve Properties of Epitaxial Layers,” 

3D Research, vol. 6, no. 4, Nov. 2015, doi: 10.1007/s13319-015-0073-4. 

[19] E. Pankratov, “On the method of changing the temperature of liquids and gases in a transportation system,” Computer Methods in 
Material Science, vol. 20, no. 3, 2020, doi: 10.7494/cmms.2020.3.0728. 

[20] E. L. Pankratov and E. A. Bulaeva, “Doping of Materials During Manufacture-Junctions and Bipolar Transistors. Analytical 

Approaches to Model Technological Approaches and Ways of Optimization of Distributions of Dopants,” Reviews in Theoretical 
Science, vol. 1, no. 1, pp. 58–82, Mar. 2013, doi: 10.1166/rits.2013.1004. 

[21] G. Korn and T. Korn, Mathematical Handbook for scientists and engineers. Definitions, theorems and formulas for reference and 

review, Second edi. New York: McGraw-Hill Book Company, 1968. 
[22] Y. W. Zhang and A. F. Bower, “Numerical simulations of island formation in a coherent strained epitaxial thin film system,” 

Journal of the Mechanics and Physics of Solids, vol. 47, no. 11, pp. 2273–2297, Sep. 1999, doi: 10.1016/s0022-5096(99)00026-5. 

[23] Z. Y. Gotra, Technology of microelectronic devices. Moscow: Radio and communication, 1991. 
[24] L. D. Landau and E. M. Lefshits, Theoretical physics. Moscow: Physmatlit, 2001. 
 

 

BIOGRAPHIES OF AUTHORS 

 

 

Evgeny Leonidovich Pankratov     was born at 1977. From 1985 to 1995 he was 

educated in a secondary school in Nizhny Novgorod. From 1995 to 2004 he was educated in 

Nizhny Novgorod State University: from 1995 to 1999 it was bachelor course in Radiophysics, 

from 1999 to 2001 it was master course in Radiophysics with specialization in Statistical 

Radiophysics, and from 2001 to 2004 it was PhD course in Radiophysics. From 2004 to 2008 

E.L. Pankratov was a leading technologist in Institute for Physics of Microstructures. From 

2008 to 2012 E.L. Pankratov was a senior lecture/Associate Professor of Nizhny Novgorod 

State University of Architecture and Civil Engineering. From 2012 to 2015 E.L. Pankratov has 

a Full Doctor course in Radiophysical Department of Nizhny Novgorod State University. Now 

he is a Professor of Nizhny Novgorod State University. He has 320 published in area a of his 

research. He can be contacted at email: elp2004@mail.ru. 
 

 

https://orcid.org/0000-0001-6174-2612
https://www.scopus.com/authid/detail.uri?authorId=55949442300

