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1. INTRODUCTION

Over the past century, the concept of “convexity” has garnered considerable interest among math-
ematicians. This term has played a significant role and has received remarkable attention from numerous
researchers in the advancement of various fields within pure and applied sciences. In financial mathematics,
mathematical statistics, and functional analysis, the theory of convexity holds significant importance. Convex
function optimization has numerous real-world uses, such as controller design, circuit design, and modeling.
Due to its broad relevance and many practical applications, convexity has developed into a highly influential
and intellectually engaging area for scientists and mathematicians. We encourage interested readers to see the
references [1]]-[l6] for some discussion about convexity and its properties.

Inequalities and the property of convexity play a crucial role in contemporary mathematical research.
These two concepts are interrelated. Inequalities are essential in diverse areas like mechanics, functional analy-
sis, probability theory, numerical methods, and statistical problems. From this perspective, the field of inequal-
ities stands as an independent discipline in mathematical analysis. For further details, see [7]-[1O0].

Research on mathematical inequalities associated with fractional integral operators, including the Rie-
mann-Liouville type, plays a key role in the field of fractional calculus. These inequalities play an important
role in revealing the behavior of fractional integrals and supporting their application in diverse areas, including
physics, engineering, and mathematics. The Riemann-Liouville fractional integral operator, which generalizes
the traditional notion of integration to non-integer orders, is fundamental in formulating these inequalities. De-
veloping inequalities for Riemann-Liouville (R — L) fractional integrals allows researchers to establish strict
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bounds and conditions that are essential for solving fractional differential equations, helping to ensure the
stability and robustness of solutions in systems where conventional calculus proves inadequate, see [11]-[14].

By integrating the concepts of fractional calculus with generalized convexity, researchers can formu-
late a wider range of mathematical inequalities. These inequalities enhance the theoretical comprehension
of fractional integrals and also hold practical significance for analyzing and optimizing complex systems in
science and engineering. The interaction of generalized convexity with fractional integral operators creates
new research opportunities and makes it possible to create stronger mathematical frameworks for fractional
dynamics modeling, analysis, and problem solving.

Within this analytical framework, the fractional Hermite-Hadamard inequalities evolve as a key ex-
tension of their classical counterparts into the fractional calculus domain. The classical Hermite-Hadamard
inequality gives estimates for the integral of a convex function, and its fractional analogue generalizes this idea
to the setting of fractional integrals, particularly those defined by operators such as the Riemann-Liouville
integral. Fractional Hermite-Hadamard inequalities apply the principles of convexity and fractional calculus to
derive bounds for the fractional integrals of convex functions. This inequality is used in many different areas of
economics; for example, the existence and uniqueness of certain economic models (such as general equilibrium
models or company behavior models) are demonstrated using this inequality. It can also play an important role
in various areas of mathematics, such as number theory, complex analysis, and numerical analysis. This in-
equality can also apply to information theory, engineering, physical science, biology, and chemistry. According
to this inequality, let ®; : £ C R — R be a convex function defined on the interval £ (¢ C R) and wy,v; € €
with w1 < v;. The following double inequality

B, (w1+”1>< ! /m@l(n)dnéél(w””}l(”l) (1)

2 V1 — W1 2

w1

It is known as the Hermite-Hadamard inequality for a convex function. That is, in a set of real numbers,
if a function is convex, its weighted average value at the endpoints will be equal to or greater than its value
at the middle of any interval. See [15]-[18] for more improvement, extension and generalization about this
Inequality (T).

let ®; : £ C R — R be convex function and wy, vy, € € with 0 < w;y < vy such that &1 € L]wy, vy].
If @, is convex on L[wy, v1], then the inequality

w1 + VU1 F(I/ + 1) v .y i (wl) +d, (Ul)
P, < 5 > < 2(v1 — wr) (Hvl‘l’l(wl) +Hw1+©1(y1)> < 5 )

with v > 0, is known as the fractional Hermite-Hadamard inequality, where I and I stand for the
right-sided and the left-sided Riemann-Liouville fractional integrals of the order v. It is noteworthy that the
fractional Hermite-Hadamard inequality simplifies to the classical Hermite-Hadamard inequality when v = 1
in Inequality (2).

Researchers can create more sophisticated methods for examining and enhancing systems that exhibit
fractional dynamic behavior by connecting fractional Hermite-Hadamard inequalities to the broader
framework of fractional integral operators and generalized convexity. The interaction of these ideas enables
the creation of new, more accurate mathematical inequalities that can be used in a variety of intricate sys-
tems. This integrated method provides deeper insights into the mathematical processes controlling fractional
calculus and its applications in science and engineering, opening up new avenues for research; for more details,
see references [[19]]-[21]].

To the best of our knowledge, this paper provides a novel and in-depth analysis of exponentially
(s, m)-convex functions about Katugampola fractional integrals. Antczak [22] introduced the notion of expo-
nentially convex functions, which can be seen as a substantial generalization of convex functions. Exponentially
convex functions play a significant role in diverse areas, including mathematical programming, information ge-
ometry, big data analysis, machine learning, statistics, sequential prediction, and stochastic optimization [23]],
[24]. Moreover, Rashid et al. [25] established some trapezoid-type inequalities for generalized fractional in-
tegrals and related inequalities via exponentially convex functions. Rashid et al. [26]] derived a new integral
identity involving Riemann-Liouville fractional integrals and obtained new fractional bounds for the functions
having the exponential convexity property. Rashid et al. [27] introduced some new generalizations for exponen-
tially s-convex functions and inequalities via fractional operators. Recognizing the significance of fractional
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integrals in numerous areas of pure and applied science, researchers have expanded their concept in various
ways, which leads to the development of new integral inequalities for these generalized fractional integrals.

Recently, Khan et al. [28]] established some new developments of Hermite-Hadamard-type inequal-
ities via s-convexity and fractional integrals. Inspired by the mentioned research effort and notions, we study
the concept of exponentially (s, m)-convexity to derive inequalities of fractional Hermite-Hadamard type ex-
ponentially (s, m)-convex functions and some generalizations associated with these inequalities.

The primary objective of this study is to develop Hermite-Hadamard type inequalities to Katugampola
fractional integrals. To this end, we first introduce a new integral identity on which we base the establishment
of several Hermite-Hadamard type inequalities for functions with extended (s, m)-convex first-order deriva-
tives. Subsequently, we present an example that includes graphical representations to confirm the validity of
our results. Hermite-Hadamard inequalities are powerful tools for establishing bounds for symmetric expres-
sions. When paired with (s, m)-convex functions, these inequalities become more versatile and yield sharper
estimates. The proposed work is structured as follows: In section 2, we give some essential definitions, impor-
tant theorems, and a generalized lemma that are required for our major result. In section 3, we state and prove
our key results utilizing the generalized lemma and theorems, as well as deriving several new corollaries and
giving some important remarks. In section 4, a conclusion is drawn.

2. RESEARCH METHOD
In this section, we collect some notations, basic definitions and essential results required in the sequel
of the paper.

Definition 1. [29] A function ®; : I — R is said to be a convex function if
Dy (nwy + (1 =n)v1) <Py (w1) + (1 —n) @1 (1)
holds for all wy, v, € I and n) € [0, 1].
Definition 2. [30] ®; : [0, b] — R is said to be a m-convex function if
®1 (w1 +m(1=n)vi) < 9Py (wi) +m(1—v) Py (v1)

holds for all wy,v1 € [0,b], n € [0,1], and m € (0, 1] . In [30], Toader introduced the above concept of an
m-convex function.

Definition 3. [31]] ®; : [0, 5] — R is said to be a s-convex function if
Oy (nwi + (L —=n)v1) <n°®y (w1) + (1 —n)° @4 (v1)
holds for all wy,v1 € [0,0], 7 € [0,1], and s € (0, 1].
Definition 4. [32] A function ®; : [0,7] — R is said to be an (s, m)-convex function, where (s, m) € [0, 1]?
and > 0, iff V wy,v1€ [0,7] and n € [0, 1] if
D, (nw1 +m(1— 77)01> <n*®q(w1) + m(1 —n)° P (v7)

Definition 5. A positive real-valued function ®; : I C R — (0, 00) is said to be exponentially convex on K,
if

e®1(nmwi+(1—n)v1) < ne@l(kl) +(1- n)e‘bl(vl)

Exponentially convex functions are utilized in statistical learning, sequential prediction, and stochastic opti-
mization.

Definition 6. [33] A function ®; : I — R is said to be a exponentially s- convex function in the first sence, if
the following inequality holds:

ePr(wintvi(l=m) < 7756@1(“’1) +(1- n)se%(”ﬂ,v s€0,1], wy,v €1, n €10,1].
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N
a

, we get

N|—=

Forn =

w4 D1 (w1)+P1(v1)
(M) ¢

> 95 ,th’UlEI,

which is called exponentially Jensen-convex function.

Definition 7. Let s € [0,1] and I C [0, 00). A function ® : I — R is said to be exponentially (s, m)—convex
function in the second sense if

n° @1 (w1) | m(l—n) P (wi)
eS1w1 ef1v1

@y (nwy +m(1 —n)vz) <

)

holds for all wy,v; € I, m € [0,1] and & € R.

Definition 8. [33] Let ®; € £ w0y (w1, v1). The left and right-sided Katugampola fractional integrals of order
a € Cwith Re(«) > 0 and ¢’ > 0 are defined by

, /(1=v) T U'—lq)
U]Il/Jr(bl(x): d / n/ 1/<77) d777 T > wi,
“1 F(:U‘) w1 (xg -n° )171/
(1-v)  puy o' —1
, o’ n” 1 ®1(n)
TIV_® = dn, vy > z.
) =T | G >

Where £ oy (w1,v1) (w1 € Rand 1 < vy < oo)denotes the space of all complex-valued Lebesgue measurable

functions ®; for which |[®[| ;o2 < oo and the norm is defined by
wy

1

v1 v1
|<1>1|£m=(/ |nw1g<n>|“1) for 1< v < oo

w1y
wq

and for r=00

|P1]| e = €55 sup [n*@1(n)].
“1 w1 <n<vy

Definition 9. [34] Let ®; € L'[wy,v1]. The fractional Riemann-Liouville integrals 3 , ®; and 3*_ ®; of order
U)l 'l)l

v are defined by
L 010) = o [ e e >
]wfr 1z _F(I/) w1x n 1\n)an,x w1,
1

i@ = s [ =2 >

v)
where I'(v) is a gamma function.
Definition 10. [35] The left and right-sided Hadamard’s fractional integral operators of order v > 0 are defined

by

1 ¥ d
H;;ri)l(:v) = m/ (lnz—In n)”_llrgmdn,x > wy,

w1

v _ 1 o v—1 @1(77)
Hvl_gg(x) = F(l/)/z (ilnng—Inx) ” dn,v1 > .
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Theorem 1. Let v > 0 and ¢’ > 0. Then, for x > wy,
1. limg,ﬁlj/’;;r Dy (x) = ]Z]; Dy (),
2. 1 V.o =H"_®
i ge s ®1(z) = HY - @1 (2)
We recall the special functions that are known as Gamma function and beta function, respectively.

[ee]
M) = [ et
0

F(w)l“(y)’ .y >0,

1
B(z, :/ =11 — )W Dgpy = 27
(z,y) o (1—n) "= Tty

where B(., .) denotes beta as a special function.

The Katugampola fractional integral is a powerful fractional calculus tool that unifies both the Rie-
mann-Liouville and Hadamard fractional integrals. This work presents a Hermite-Hadamard type inequality

that incorporates the properties of exponentially (s,m) convex functions to extend and strengthen classical
results.

3. RESULTS AND DISCUSSION
In this section, we first establish an identity involving the Katugampola fractional integral. Then we

establish an integral inequality involving beta function. We begin with the following lemma which is used to
explore integral inequality.

Lemma 2. Let o/ > 0, v > O and ®, : [w] ,v7] — R be differentiable function on [w ,v¢ | with 0 <
w{ <v{,and ®; € L[w] ,v] |. Then the following equality holds:

/ NP+ 1) [0 @i(m? i) 7T Dy (m7 ]

2 (k7" —mw{")¥ (m7'vy — k7 )V
(Jl(kg/ B mo'wal)) ! o'v, o' — o' 1.0’ o’ o’ o’
= — N "B (n7 kY +m” (1 —n7 )w] )dn
0'/ ko.l — m”/v"/ 1 'y ol ’ ’ ’ ’ ’
4 L) [t 0 (= Nl
0
Proof

1
Let H, = / 00”7 kY +mS (1 =17 )w] )d,
0

1
and Hy = [ o 07 k7w (1= of
0
Integreating by parts Hy, we get
7’]‘7/’/@1(7’]0/]{?/ + mo_/(l _ nal)wf-/) 1
oy —m ]}

v

= |
0

1
o o /77‘”‘1@1(77" kT +m? (1 —n7 )w )dn
o' (k§" —m7'w{’) Jo

(b kg/ kl ’ ’ ’ ’
1( 1 ) v / (ua —m° wif )V7111,V71‘1)1(UU )du

mwi

o'k = mo ) (k) —mowg )
Dy (k7') ()T
o' (k" —mw')  (k§ —m w] )+

”’HZI_ Oy (m” wi).

(c))T(v + 1)

(k7" —m? w{")”

Now, (o' (k] —m” wi ) Hy = (k] ) — UI]I:;<I>1(m"/w‘1’/). 3)

Extension of Hermite-Hadamard type inequalities to... (Dipak Kr Das)



6 0 ISSN: 2252-8814

Similarly, we have

1
B :/ 0”0 L (7 kY +m” (107 Yol )dn
0

77 @ (7 +m (1 -7 )]
o' (k§" —mo v]") 0
14

T (ko _ ol 0!
o' (k" —mo v

1
) / 7Y (07 kY 4+ m” (1= 07 )y )dn
0

@1(16(17/) 14 \/”’nv1 ’ ’ Np—1 1 ’
= 7 ’ 7 ’ 7 7 T —u® ) v ® 7 d
o' (k¢ —mo'v{) + (mo'vy — k7 )+ Sy, (m? o =)™ 1(u” )du
1 (k7) (@) 'Tw+1)

’ ’
— o v [ed g
o' (kY —m ) i (mo vy — k) i Sr(m7ol).

(@) T(v+1)

Now, (o'(h]" —m® of )Ha = ®1(k) = £ rer s
1 1

"1 @y (o] ). )
1

Now adding (3) and @), we get

Oy (k) —

(/)T (v +1) [U H:;q)l(ma wi) ° HZTq)l(mU v] )
S N G T T T

(Jl(ka, 7mo',wa')) ! o'v, o' — o' 1.0 o’ o’ o’
= ' N T e (T kY +m” (1 -7 )wi )dy
0

2
(o' (k' —m7))
2

’

1
+ / n” 0 R (7 k) +m (L—n7 )u] )dn.
0

Thus the proof is completed.

Remark 1. If we putm = ¢/ = 1 in Lemma[2] then we get Lemma (2) of [28].

Theorem 3. Let o’ > 0, v > Oand ®; : [w ,vJ | — R be a positive function with 0 < w¢ < k¢ < v¢', and
;" € L'[wg ,v{ ]. If ®; is exponentially (s, m)-convex function on [w¢ ,v{ ], then the following inequality
for fractional integrals holds:

(o)~ 'T(v + 1)
(k7 —m uf)?

<Z 2153(1/“,1)‘1)1(’“1/) +B(V78+1)mgl<®1(w1 G ))]

7 7
U/ eglki' eglwi' eél'”i’

()T (v + 1)

’ v ! ’ v ! ’
o ]Ikl,<1>1(m” wi )+ (o7 — k?,)y" ]Ik;rq)l(m” v])

forallm,s € (0,1] and & € R.
Proof Applying exponentially (s,m) convexity of ®;

Q1(n7 kY +m (1 =07 )wi )+ 21(n” kI +m7 (1 —n7 )7 )

e ®1(kS) : SP1(wf) | Pi(k])

’ (I) o’
>~ 7 + mO’ (1 - T]U ) 7 7 ﬁ
eﬁlki‘ eﬁlw({ eElkf

eEl'Ui’/

+ mo'/(l _ 770'/)8 (5)
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Multiply both sides of (5) by 77”/”_1 and integrate w.r.t ) over [0,1]
1 ’ ’ ’ ’ ’ ’
/ 7 (7 kS +mT (1 —n7 )w )dn
0
1 ’ ! ’ ’ ’ !
R N ROt g7
0

1 / 1 /
U/l/_ O'/S(bl ka O'/V— UI O'l Sél wo-
§2/n ' 7(1)dn+/n 'm (1—77)7(1)607
0 0

cE1kg’ ebrwy’
1 ’
+/ no'u—lma’(l _no’)s(bl(vi‘,)
0 efl”f
2 Dy(k])  m? [ Dy(w]) n Dy (vf)
(v +s) earky’ o'

(6)

>]B%(z/7 s41).

eglwfl eglvi’/

Now consider t° = (07 k%" +m? (1 — n° )w?") in first term of L.H.S of @ and 77 = (07 kY +
m? (1 —n° )vy ) in second term of L.H.S of @

k1 o’ o0’ \v—1
/ (t —m? w ) 171, (1) dt
ol _ o’ ,0! o' _ ol ono!
muw kl m© wy kl m° wy

’ / / v—1
+/m“’ (m" vy —r? ) o1, (') dr
I —— r 1\r IR ———
o' y0o' _ Lo’ o’ yo! _ 1.0’
ks mo vy — kY mo vy — kf

k) 2 om <<I>1(wi”> . @1@?'))3@,5 1),

Skl od'(v+s) o
By multiplying both sides by v, we get
(6" (v +1) () 1T (v +1),
(k7" —m wy)” (mo'of" = k{')”

< 1/ 215%(1/+S,1)<I)1(k1 ) —}—m”/(q)l(w1 ) + 1 (07 ))B(V,s—i—l)].
o

7 7 7
eglkiy eélwf eélvf

e&-lwi'/ eElvi'/

G/]szq)l(mo/wiﬂ) n HZJr(I)l(mU/Uf/)
1 1

Thus the proof is completed.
Remark2. fweputm =0’ =1and& =0in Theorem then we get Theorem (4) of [28]].

In [28] at Theorem (4), researchers use the concept of (R — L) fractional Hermite-Hadamard integral
inequality by using s—convexity. In Theorem [3] we extended the result using the Katugampola fractional
Hermite-Hadamard integral inequality with exponential (s, m)—convexity, which becomes more versatile and
yields sharper estimates. For better understanding, we provide an example illustrating our theoretical findings,
supported by a graphical representation.

Example 1. If we choose s =m =1¢€ (0,1], § =0€R, o/ =1, n =1 € [0,1], k; = 2,andv; = 3
in Theorem [3| then ®;(t) = t* is an exponentially (s,m)-convex, as Theorem [3| satisfying the following
estimation:

195.31 — 2w? 4481
19051 = 2wl | 5613 < 309.06 4+ LT 0L

25 — 10w, 2 ™

We have shown the graphical representation of Inequality (7)) using MATLAB R2019a software.
Remark 3. From Figure|[I] we observe that in the Inequality (7), the left hand side gives more accurate estimate

than the right hand side of Theorem |3| graphically. In Figure(l| the vertical axis is represented by w, and the
horizontal axis is represented by w;.
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Figure 1. Graphical description of Inequality , which provides better understanding and
validity of Theorem 3]

Corollary 1. If we choose s = 1 in Theorem 3] we deduc

() 1T (v +1) ()" 0 +1)

(R —muf ) (mof — k7 )"

’ ’ ’ ’ ’
c ]IZIJI)l(mU wy ) + Zlﬂbl(m" vy )’

vV ’ o! ’ ’ o’ ’ o/
<= {215%(1/4— L)@ (kT e ©*) 4 B(r,2)m” (@1 (w] e~ ET) 4 &y (vf )e 6104 >)}

Corollary 2. If we choose s = 0 in Theorem 3] we deduce

(0" T (v +1) () T (v +1),,
(k7" —me wi’)” i T

L ) + 1ot

1 ’ o/ ’ ’ o’ ’ o’
S [24’1(/«5’ )~ ER) o (@ (w] e @) 4 By (0] e (O ’>]
Corollary 3. If we choose & = 0 in Theorem 3} we deduce

/ zxfl]_'\ 1 , , , / uflr 1) .
G0 U0 VPPN (s 2 P
& (m7of — k) H

(p 0" O'/
(ki' —m"'w‘l’ iz 1(m7 vy )‘

v
)

g

{2153(11 +5, 1)@ (k]) + B(v,s + 1)m” (1 (w] ) + @1(03’))} ,

Corollary 4. If we choose . = 1 in Theorem 3} we deduce

()" +1) (@) P +1) 0,

o’ o’ o’ o/ +(I)1(UG/)
(kY —wi)¥ (vf — k7 )¥ & !

7 (w]) +

1% ’ o’ ’ o ’ o
< [Q]B%(u + 5, 1)@ (k] )e™ O L By, s + 1) (@1 (w] )e™ 101 ) 4 @y (o] )~ G101 >)]

Theorem 4. Let o’ > 0, v > 0 and ®; : I — R be a differentiable mapping on 7°, and w‘{/, v{ " € I° with
w{ < kY < vf suchthat ®;" € L'[w{ ,v{]. If ®) is exponentially (s,m)-convex function on [w{ ,v{ |,
then the following inequality for fractional integrals holds:

, N 1 ”/H”_él(m”'wfl) "']IV+<I>1(m"/v‘1")
O AR g [

2 (k" —mo'wi)”  (mo'vf — k')

o’ _ o0 (b/ o’ , (I)/ o’
< (7 = muy )[ 1(]““1,) B((v+s+1),1) +m°’ 1(w1,)’B(V—i—17s+1)}
2 eflkf e&lwf
ko" _ o', 0’ (I)/ k.a' , (I)/ o’
L b = m7of ) [ i 1,)18%((V+8+1)71)+m" 71(U1,)E(u+1,s+1) ,
2 eb1ky eS1vy

holds Vm, s € (0,1] and & € R.
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proof By taking absolute value in Lemma 2] we deduce

By (k) — (@) T +1) [7 L-®1m7wi) 7L @(m”of)
o 2 (k¢" —me'wf )  (mo'vy — k)
o’ k‘a’ _ ma”wa’ 1 oy o — o' 1o o o o
0
U/ ko‘l _mo"vo" 1 o'y o — o' 10’ o o o
+ ( ( 1 5 1 )) A n n ch)’l(n kl +m (1 - )«Ul )dn7

since |9 | is exponentially (s, m) convexity

oy (k) - @V TW 1) { Lo @i(m7wf) 7T @i (m?of )} ‘
2 (k7" =mwi ) (m7v] —k7')¥
o (K] = m”w])) [| @4 (kT) /lna«mH)_l an
- 2 ks’ | Jo
’ (P/ (7'/ 1 ’ ’
+m° 1(w1/) / ,’70 (V+1)71(1 _ 77(7 )Sdl/

eS| Jo
N (o' (k7" —m” 7)) [| @1(K7) /1 o D1 g

2 ek | o

’ @l (T/ 1 ’ ’
+me l(vl ) ’ / na (y+1)—1(1 _ 77:7 )st:|

7
6511)10- 0

ko" I L P’ ka/ | @ o’
_ (b —m wl)[ i 1,)‘]]33((y+s+1),1)+m" M‘B(l/—i—l,s—}-l)}
2 eb1ky ef1wy
k.o" IO . 4 ' ka' .| o’
L B —m vl){ i 1,)’183((1/+s+1),1)+m” 1(01,)‘B(y+1,5+1)].
9 ob1ky ef1vy

Thus the proof is completed.
Remark 4. fweputm =0’ =1and & =0in Theorem@], then we get Theorem (5) of [28]].

In [28] at Theorem (5), researchers use the concept of (R — L) fractional Hermite-Hadamard inte-
gral inequality by using s—convexity and the property of modulus. In Theorem f] we extended the result
using Katugampola fractional Hermite-Hadamard integral inequality with exponential (s, m)—convexity and
the property of modulus, which becomes more versatile and yields sharper estimates. For better understanding,
we provide an example illustrating our theoretical findings, supported by a graphical representation.

Example 2. If we choose s =m =1€ (0,1], &§ =0€R, o/ =1, n =1 € [0,1], k1 = 2,andv; = 3
in Theorem 4] then ®(t) = t* is an exponentially (s,m)-convex, as Theorem [4| satisfying the following
estimation:

~ 19531 - 2w} < 5 — 2wy

10
50 — 20w; 4

2
{20.83 + 3wi’} —9.70. (8)

We have shown the graphical representation of Inequality (8) using MATLAB R2019a software.

Remark 5. From Figure[2] we observe that in the Inequality (8), the left hand side gives more accurate estimate
than the right hand side of Theorem |4| graphically. In Figure [2} the vertical axis is represented by w, and the
horizontal axis is represented by w;.
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16

14t .
2t ~

0.1 02 03 0.4 05 0.6 0.7 08 0.9
w1

Figure 2. Graphical description of Inequality , which provides better understanding and
validity of Theorem[4]

Corollary 5. If we choose s = 1 in Theorem[d] we deduce

1 - o’ o’ 0o’ \v o’ gyo! o' \v
! 2 (k7 —m7wy’) (m' vy —k7')
ka' IO L. 4 P’ ka’ | @ o’
S ( 1 m-w ) |: 1( 1/) B((V+2),1)+mg 1(w1,)‘B(V+172):|
2 eglki' eglwi’r
o _ 0,0 Y o’ | B o’
4 (kl m- vy ) |: 1(k1,)’B((V—|—2),1)—|—ma 1(1}1,)‘18(1/—"-1,2)].
2 e&lkT eElUf

Corollary 6. If we choose s = 0 in Theorem ] we deduce

oy (ke'y - )T+ D rﬂzl @1 (mwf ) U/H:T%(mglvgl)}
1 - 7 7 7 + 7 7 7
' 2 (k7" —mew{")” ~ (me"vf" — k9')"
ko' Y L. & P’ ka’ | @ o’
S ( 1 m-wy ) 1( 1/) B((V+1),1)+m" l(wl/) B(V+1,1)
2 eglkif e&lwi’
ko" 00 Y ko" .| o’
+ ( 1 m vl ) |: 1( 1/) B((V+1),].)+ma 1(?)1,)‘B(I/+1,1):|.
2 eElkT eélvf

Corollary 7. If we choose £&; = 0 in TheoremEl, we deduce

N Ca G AUR S [”'Ha@l(m"'wi”) ”/]I21+©1(m"/vf1’/)}
1 - 7 Y P oD
1 2 (kif —m7 w ) (m vg — kl )
k.o" om0 0 , ) )
< “—mel) [!@i(ki’ B((v + s +1),1) +m” | @) (w])|B(v + 1,5 + 1)}

(k" —m?vf)

* 2

947 B((+ 5+ 1)1) + 07 [0 0 B+ 1.5+ 1)

Corollary 8. If we choose m = 1 in Theorem[d] we deduce

(o) 1T (v +1) ()"~ (v + 1)

O-/I[Zi@l(wgl) +
1

o Hzrtbl(vf )‘

(kf" —wi')” (07" = k7))
U/ o cr/ (b/ a,l q)/ o”
< (kf — wy )[ 1(k1/) B((v+s+1),1) + M‘B(V+1vs+1)}
2 eS1ky eSrwy
(T/ . O'/ (I)/ 0_/ (I)/ 0',
+ (kl V1 ) |: 1(k;1/) B((V+S+1>71)+ M‘B(y—‘,—l,s—l—l)].
2 cE1k? €107
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Theorem 5. Let o/ > 0, ¥ > 0 and ®; : I — R be a differentiable mapping on I°, and wi’/7v‘1’/ e I°
with w < k§ < v such that ;" € L'[w{ ,v{]. If |®)|*2 is exponentially (s,m)-convex function on
[wY ,v] ], then the following inequality for fractional integrals holds:

(O_/)VI“<V + 1) |:U,Hzl <I>1(m"/wi'/) Ulﬂzfr(bl(mglvi’l)] ’

¢1(k‘0,) - ’ 7 o’ + ’ o o'’
‘ ! 2 (k] —m7 wy" )V (mo vy — k7' )¥
V+1)
o Y o'\ | M2 .| @ o'\ | M2 L
X{k m° w1)|: 1(k1,) IB%(I/—I—S—I—l,l)-f—mU ﬂ B(y+1,8+1):|“2
eb1ky efrw?
L G —m?of ) | @4 | | ) [ "
1 { 2 Br4s+1L,1) +m? | ———5- B(V“vs“)} } ®
eb1ky ef1vy

holds V m, s € (0,1], with uo > 1 and &; € R.

proof By taking absolute value in Lemma[2] we deduce

(o")'T'(v +1) |:‘7 H:f O (m7wy) HZT‘I)I(mU vy)
(

@ k‘d/ - ’ ’ ’ ’
‘ 1( 1 ) 2 k(lf 7ma’w? )u + (ma/vf 7kf’ )V

(Ul(kal _malwa/)) ! o'v, o' — o’ 1.0’ o’ o’ o’
< A LY (n7 kY +m” (1 -7 )w] )dy

(U/(ka/ — m“,vg/ ! o'v o — o 10 o o'\ o'
- ! 5 7)) n” V0" R (7 kY +m? (1—n7 )u] )dn
0

ka-/ — o o’ 1 ’ ’ ’
= (b —m?wi) ;n i) / e’ ®(ek] +m7 (1 — e)wy )de
0

k.o" I - 4 1 , , ,
+ (12”“)1)/0 '@ (k¢ +m? (1 — )7 )de. (10)

By applying Holder ineqality and using exponentially (s, m)-convexity

1

’ ’ ’ _ 1
P —m”wi’)</l %)
2
P ( k:"
x{ / ¥ de +m

eglk

4 B —m7o7) ( “da) "

x [ / e’ de +m

1

H2 1 g
/ e’(1— E)Sd8:|
0

| @ (wl )

eglﬂh

MEACS

€£1U1

P ( k:"
eglk

) ;Lz

H2 1 :7
/ e’(1— 5)sd€}
0

_ P’ ko'/ H2 | @ o’y | M2 ey
x{ m? wl)[ i 1,) Bv+s+1,1)+m” 1(7101,) B(V—l—l,8+1):| ’
eglk(f glwi‘

k _ P’ ko" K2 | K2 s
( m? of) [ i 1,) B(v+s+1,1)+m (Ul) B(v+1,5+1) } }
eS1ky e&1vf’

Thus the proof is completed.
Remark 6. f weputm =o'’ =1and & =0in Theorem then we get Theorem (6) of [28]].
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Remark 7. By applying the Power-mean integral Inequality in (T0) then we also get the Inequality (9).

In [28] at Theorem (6), researchers use the concept of (R — L) fractional Hermite-Hadamard integral
inequality by using s—convexity and well-known Holder inequality. In Theorem [5} we extended the result
using Katugampola fractional Hermite-Hadamard integral inequality with exponential (s, m)—convexity and
well-known Holder inequality, which becomes more versatile and yields sharper estimates. For better under-
standing, we provide an example illustrating our theoretical findings, supported by a graphical representation
(see Figure 3).

40

3B

30

9(i)
(20}
25+ 1(@)

& 20
151
10F

st

0

n n n n n n n n n
0 0.1 02 03 0.4 05 0.6 0.7 0.8 0.9 1
w1y

Figure 3. Graphical comperision of Inequalites and

Remark 8. From Figure 3] we observe that in the Inequality (TT) and (I2), the left hand side gives more
accurate estimate than the right hand side of Theorem [5] and Theorem [6] graphically. In Figure 3] the vertical
axis is represented by w, and the horizontal axis is represented by wy.

Corollary 9. If we choose s = 1 in Theorem[5} we deduce

(o/)'T'(v + 1) |:U Hzf Oy (m? wy ) i Hzirfbl(ma v{ )
(

(@1 (k) — , ; —
’ 1( 1 ) 2 kzlr —m"/w({ )1/ (m"/vf 7]{{ )u
1\

<
- <1/+ 1)

ko — m we O (ko) |H2 ! (we ) |H2 2
(U =m wi ) [| 24 1,) B(v+2,1) +m” 71(1111,) B(v+1,2)|

2 ebrky eS1wy
(kg —me'of) [| @4 (k)| BEACHIS "
+ B(v+2,1)+m ; B(v+1,2) .
2 eglkf 651111

Corollary 10. If we choose s = 0 in Theorem 3} we deduce

(@) Tw ) [T I e el I @y ()
@, () - [ L . ]
2 (k7" —mo w]") (m7" v —k7)
1,7
v+ 1)
(k' —mwg') [| @4 (KT ) " 0| g ) |12 =
X ; B(v+1,1)+m’ |———=| B¥+1,1)
eS1ky 1wy
L (k) [ @4 (k)| /| (vf) 2 "
; B(v+1,1)+m B(v+1,1) .
eflki' 6517)1
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Corollary 11. If we choose & = 0 in Theorem ] we deduce

(O'/)VF(V + 1) |:U/HZI (I)l(m"/wi',) glﬂzfél(mglvi’l)] ’

Ry —mo g ) (m7 oy — K )

1
"2

y {(k‘f/ —m? wi’)

5 [!‘P’l(ki’ B +s+1,1) +m? @) (w] )]B(v+ 1,5 + 1)}

’ ’ ’ 1
ko — mo e , , / H
n % Dq)/l(kg B+ 5+ 1,1) +m” | @ (07 )*Bw + 1,5+ 1)} ’ }

Corollary 12. If we choose m = 1 in Theorem [5] we deduce

‘(b (k-a ) (O'/)I/F(V+ 1) |:U Hzf@l('lUf ) N [} Hzfrq)l(vf ):H
1 - ! . E :
1 2 07wl Gl K
1\
<
- <v+ 1)
a'/ _ a" (I)/ o-’ M2 ‘I)/ 17/ 12 1
X{(kl wl)[ l(kl') B(v+s+1,1)+ M IB%(I/—!—l,s—i-l)rz
2 eE1ky cErwg
(ky" — o7 ) [| 2k ) | o (v7) |2 i
+ { ; Blv+s+1,1)+ | ———= ]B%(u+1,s+1)} }
2 eglkir e lﬂit

Theorem 6. Let o’ > 0, v > 0 and ®; : I — R be a differentiable mapping on I°, and w‘l’/,vf, e I°
with w{ < kY < v{ such that ®;" € L'[w{ 07 ]. If |®)|*2 is exponentially (s, m)-convex function on
[wg , v ], then the following inequality for fractional integrals holds:

, N+ 1) [0 - @i(m? i) TV By (m7 ]
‘(Dl(k‘f)—(a) (v + )[ by K H

2 (k§" —=mo'wi)”  (mo'of = k{')”

(L YL G —m )
T \vpr +1 s+1 2

(k¢ —m”v7) [| @4 (k) P (v])
2 eérky’ ey’

H2

o (k])

e‘fl kf’

1
H27 %g
)

’
o

o (wf')

e‘fl 'wi'/

1
#2:| ey

2
’
g

+

holds V' m, s € (0,1], with uz > 1 and &; € R.

proof By taking absolute value in Lemma 2] we deduce

‘él(ka’) ()T +1) { I ®i(m” wf) T @y (m7 0] )} ‘
1 o/ o' o’ v o’ o’ o \v
2 (k7" —m7w{’) (m7' vy — k{")
OJ ka/ _molwa’)) ! o'v o' — o' 1.0’ o’ o’ o’
< \TRE =m0l [ 00k (0= Y N
0
(J/(kglimalvgl)) ! o'v, o' — o' 1.0 o’ o'\, o’
e 00" TR (7 kY +m” (107 )] )dn
0

(k" —m7wy)

1
5 / e’ ®) (skf/ + m"/(l - z—:)w‘l’/)de
0

! 7 !’
o o o
(k§ —m7 vf

1
5 ) / e ®, ek +m” (1 —e)v] )de.
0

+
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By applying Hélder ineqality and using exponentially (s, m)-convexity, we have

(k¢ —m? w{’)
- 2

1 % (I)/ ko'/ 2 1 , q)/ o'\ | M2 1 %
« (/ EV,AleE) 1|: 1( 1/) / gsde—i—m" I(LI/) / (1_€)sd€:| 2
0 efiky 0 efrwi 0
(k7" —m? 7))
+ 2
1 l% P’ k,cf’ 2 1 | @ o'\ M2 pl ;%
X / 5"“1de> 1 {l(i,) / e°de +m° Lﬁ,) /(1—€)Sde} ’
0 ef1ki 0 st 0
(K = mug)
2
’ 7 1
(k7)) Py (w)

H2 1 ,
/ e’de +m?°
0

" /01(1 —5)%5} "
" /01(1 E)Sd€:| &

@5 (k7 )| @ (wf)
Il esrwy’

H2:| t }
Thus the proof is completed.
Remark 9. If weputm =¢’ =1and & =0in Theorem@ then we get Theorem (8) of [28].

In [28] at Theorem (8), researchers use the concept of (R — L) fractional Hermite-Hadamard integral
inequality by using s—convexity and well-known Holder inequality. In Theorem|[6] we extended the result using
Katugampola fractional Hermite-Hadamard integral inequality with exponential (s, m)—convexity and well-
known Holder inequality, which becomes more versatile and yields sharper estimates. For better understanding,
we provide an example illustrating our theoretical findings, supported by a graphical representation (see Figure

B).

Corollary 13. If we choose s = 1 in Theorem|[6} we deduce

eE1ky’ eb1wy’

1 1 (I)/ ko" H2 1 ,
) |: 1( 1/ ) / ESdE 4 m°
v +1 eb1ky 0

B 1 1\ (k¢ —m” w")
C\vp +1 s+1 2
+

P (v])

eglvi’l

+m

1
lt2:| na

(k" —m7 o) [| @4 (k) " P (v])
651 k?i"/

’
[ea

eglvi’l

(0")'T(v + 1) r ]IZI_CD(m" wy) ° HZT(I)(m” of )} ’

@ kO‘l - 7 7 7 7
‘ (1) 2 g —mowg ) (m7 oy — KT

< (o )L(1>é{<ﬁ“—nwmﬁd Q)| o] @) |72
~\wvp +1 2 2 bk’ ebrwy’
L m ) [T | BT[]
2 e1kg’ e&1vf’ ‘

Corollary 14. If we choose s = 0 in Theorem[6] we deduce

(O'I)VF(Z/ + 1) [U HZ;(I)(mU U)f ) 7 HZT(I’(mU U‘f ):|

@ kol - 7 7’ ! ’
‘( P R v A ey v

(L V[ g ) TR P | @ (g )]
=\ +1 2 efiky’ ebrwy’
L m ) [T | R )]

2 e€1ky’ ey’ '
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Corollary 15. If we choose & = 0 in Theorem [6] we deduce

(o) T(v +1) [U,HZ;@W“"'W%") ”'Hirq’l(malvf/)] ‘

kg —mewg ) | (m7 oy — k)Y

2
1 [ 1 Wz (ki‘/_ma/wi'/) o/ 2 o o\ |12 7z
S(”Ml—l-l) (s—l—l) { 2 ’q)ll(kl )’ +m |<P’1(w1 )|
’ 7

1
41"+ m” o7 )1] .

A
>~
-t
™13
Q\
<
N
—

Corollary 16. If we choose m = 1 in Theorem [6] we deduce

.07 >*< o) +1) [”H” 1uf) ”’Hir‘l’l(”‘f’)H

o’ + o’ o’ \v
2 (k" —w{’)” (v —k{)
< E B f (kg ) [| @4 || g ]
T \vpp+1 s+1 2 e&iky’ e&rwy’
’ 1
n (k7" —of ) [| LRI [ [ 2107|272
2 e1ky’ e&1vf’ ’
Example 3. If we choose s =m =1€ (0,1], &4 =0€R, o/ =1, n =12 € [0,1], k1 = 2,and v; = 3

in Theorem [5| then ®(t) = t* is an exponentially (s, m)-convex, as Theorem I satisfying the following
estimation:

1
_ 195.31 — 2w? 5 — 2wy 62 .
=10— ———— <0.71¢ ——{ 1302.08 + 2.66 —14.24 % = k(4). 11
9(0) 50 — 20w, - { 4 + 200wy @) (i
Example 4. If we choose s =m =1¢€ (0,1], &, =0 € R, ¢/ =1, n— s €[0,1], k1 = andv1 =3
in Theorem @ then ®;(t) = t* is an exponentially (s,m)-convex, as Theorem E] satisfying the following
estimation:
195.31 — 2

2 5 — 2w
g(i) =10 — w g, 4082{ Tl <3906.25 + 16w?)

50 — 20'11}1
Graphical comparison of Inequalities (IT) and (I2) is presented using MATLAB R2019a software. It
is evident from the figure that the gap between the bounds in Inequality is smaller, which indicates that it
provides a more accurate estimate (see Figure [3). Furthermore, Table [I]lists the comparision of our obtained
results and the previous studies available in article [28]].

—31.2} =1(). (12)

Table 1. Comparison of our obtained results with the previous findings

Limiting case of parameters Operator obtained Form of inequality Correspnding known result
General case(a, > 0,v>0) Katugam[/;ola fractional ~New Hermite-Hadamard type  Present work
integral @ I inequality (Main theorem)
o = l,m=1and& =0 Riemann-Liouville frac- Taking absolute value in  We get Theorem (5) Khan et
) tional integral I Lemma@ al. [28]
c »1lm=1and& =0 Riemann-Liouville frac- By applying Power-mean in- We get Theorem (6) Khan et
, tional integral I eqality in Lemma al. 28]
c +1lm=1and& =0 Riemann-Liouville frac- By applying Holder ineqality =~ We get Theorem (8) Khan et
tional integral ¥ in Lemma2) al. 28]

4. CONCLUSION

This study effectively broadens Hermite-Hadamard inequalities by incorporating Katugampola frac-
tional integrals, which represent a noteworthy development in the field of fractional calculus. By developing
a new integral identity, we have created a framework for thoroughly investigating functions characterized by
extended exponentially (s, m)-convex first-order derivatives. Moreover, we provide an example illustrating our
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theoretical findings, supported by a graphical representation. Hermite-Hadamard type inequalities are powerful
tools for establishing bounds for symmetric expressions. When paired with extended exponentially (s, m)-
convex functions, these inequalities become more versatile and yield sharper estimates. The contributions of
this work make several possible directions for future research possible, including applying these inequalities
to fractional integral operators and investigating their relationships with fractional calculus. Additionally, an-
alyzing analogous inequalities for other classes of convex functions, including strong extended exponentially
convex methods, strong (a, m)-convex methods. These novel inequalities presented in this research enhance
the theoretical framework of fractional Hermite-Hadamard type inequalities, offering greater accuracy, broader
applicability, and a solid basis for future studies on exponentially (s, m)-convex functions.

FUNDING INFORMATION
The first author is financially supported by Research grant for Faculty (IoE Scheme) under Deb.
Scheme No. 6031.

AUTHOR CONTRIBUTIONS STATEMENT
This journal uses the Contributor Roles Taxonomy (CRediT) to recognize individual author contribu-
tions, reduce authorship disputes, and facilitate collaboration.

Name of Author C M So Va Fo I R D O E Vi Su P Fu
Dipak Kr Das v v v v v v v v
Shashi Kant Mishra v v v v v v Y
Pankaj Kumar v v v v v v v
Abdelouahed Hamdi v v v v v
C : Conceptualization I : Investigation Vi : Visualization
M : Methodology R : Resources Su  : Supervision
So : Software D  : Data Curation P : Project Administration
Va : Validation O : Writing - Original Draft Fu : Funding Acquisition
Fo : Formal Analysis E  : Writing - Review & Editing

CONFLICT OF INTEREST STATEMENT
Authors state no conflict of interest.

DATA AVAILABILITY
Data sharing not applicable to this paper as no datasets were generated or analyzed during the current
study.

REFERENCES

[11  G. Cristescu, M. A. Noor, and M. U. Awan, “Bounds of the second degree cumulative frontier gaps of functions with generalized
convexity,” Carpathian Journal of Mathematics, vol. 31, no. 2, pp. 173—180, 2015, doi: 10.37193/CIM.2015.02.04.

[2] K. Nikodem and Z. Pales, “Characterizations of inner product spaces by strongly convex functions,” Banach Journal of Mathemati-
cal Analysis, vol. 5, no. 1, pp. 83-87, 2011, doi: 10.15352/bjma/1313362982.

[3] S.-H. Wu and M. U. Awan, “Estimates of upper bound for a function associated with Riemann-Liouville fractional integral via h
-convex functions,” Journal of Function Spaces, vol. 2019, pp. 1-7, May 2019, doi: 10.1155/2019/9861790.

[4] H. Ge-lJiLe, S. Rashid, F. B. Farooq, and S. Sultana, “Some inequalities for a new class of convex functions with applications via
local fractional integral,” Journal of Function Spaces, vol. 2021, pp. 1-17, Apr. 2021, doi: 10.1155/2021/6663971.

[5] M. U. Awan et al., “On m-convex functions,” AIMS Mathematics, vol. 5, no. 3, pp. 2376-2387, 2020, doi: 10.3934/math.2020157.

[6] S.Ozcan, and 1. Iscan, “Some new Hermite—Hadamard type inequalities for s-convex functions and their applications,” Journal of
Inequalities and Applications, vol. 2019, no. 1, p. 201, Dec. 2019, doi: 10.1186/s13660-019-2151-2.

[71  S. 1 Butt, S. Rashid, M. Tariq, and M.-K. Wang, “Novel refinements via n—Polynomial harmonically s—type convex functions and
application in special functions,” Journal of Function Spaces, vol. 2021, pp. 1-17, Jan. 2021, doi: 10.1155/2021/6615948.

[8] M. Tariq, “Hermite-Hadamard type Inequalities via p~harmonic exponential type convexity and applications,” Universal Journal of
Mathematics and Applications, vol. 4, no. 2, pp. 59-69, 2021.

Int J Adv Appl Sci, Vol. 15, No. 1, March 2026: 1-18



Int J Adv Appl Sci ISSN: 2252-8814 a 17

[91  S.S.Dragomir and S. Wang, “Applications of Ostrowski’s inequality to the estimation of error bounds for some special means and
for some numerical quadrature rules,” Applied Mathematics Letters, vol. 11, no. 1, pp. 105-109, Jan. 1998, doi: 10.1016/S0893-
9659(97)00142-0.

[10] U.S. Kirmaci, “Inequalities for differentiable mappings and applications to special means of real numbers and to midpoint formula,”
Applied Mathematics and Computation, vol. 147, no. 1, pp. 137-146, Jan. 2004, doi: 10.1016/S0096-3003(02)00657-4.

[11] S. S. Dragomir, R. P. Agarwal, and P. Cerone, “On Simpson’s inequality and applications,” RGMIA Research Report Collection,
vol. 2, no. 3, 1999.

[12] R. Hilfer, Applications of Fractional Calculus in Physics. WORLD SCIENTIFIC, 2000. doi: 10.1142/3779.

[13] Z.Lin and H. Wang, “Modeling and application of fractional-order economic growth model with time delay,” Fractal and Fractional,
vol. 5, no. 3, p. 74, Jul. 2021, doi: 10.3390/fractalfract5030074.

[14] P. O. Mohammed and T. Abdeljawad, “Modification of certain fractional integral inequalities for convex functions,” Advances in
Difference Equations, vol. 2020, no. 1, p. 69, Dec. 2020, doi: 10.1186/s13662-020-2541-2.

[15] S. Sezer, “The Hermite-Hadamard inequality for s-Convex functions in the third sense,” AIMS Mathematics, vol. 6, no. 7, pp.
7719-7732, 2021, doi: 10.3934/math.2021448.

[16] X.-X. You, M. A. Ali, H. Budak, P. Agarwal, and Y.-M. Chu, “Extensions of Hermite—Hadamard inequalities for harmonically
convex functions via generalized fractional integrals,” Journal of Inequalities and Applications, vol. 2021, no. 1, p. 102, Dec. 2021,
doi: 10.1186/s13660-021-02638-3.

[17] S.K.Mishra and N. Sharma, “On strongly generalized convex functions of higher order,” Mathematical Inequalities & Applications,
no. 1, pp. 111-121, 2019, doi: 10.7153/mia-2019-22-08.

[18] S.K.Mishraand V. Singh, “Some new Hermite-Hadamard and Ostrowski type inequalities for s-preinvex functions in (p,q)-Calculus
with applications,” Bulletin of the Iranian Mathematical Society, vol. 49, no. 3, p. 33, Jun. 2023, doi: 10.1007/s41980-023-00776-6.

[19] H. Ahmad, M. Tariq, S. K. Sahoo, J. Baili, and C. Cesarano, “New estimations of Hermite—Hadamard type integral inequalities for
special functions,” Fractal and Fractional, vol. 5, no. 4, p. 144, Sep. 2021, doi: 10.3390/fractalfract5040144.

[20] M. Tariq, S. K. Sahoo, and S. K. Ntouyas, “Some refinements of Hermite—Hadamard type integral inequalities involving refined
convex function of the raina type,” Axioms, vol. 12, no. 2, p. 124, Jan. 2023, doi: 10.3390/axioms12020124.

[21] M. Tariq, S. K. Sahoo, H. Ahmad, T. Sitthiwirattham, and J. Soontharanon, “Several integral inequalities of Hermite—Hadamard type
related to k-Fractional conformable integral operators,” Symmetry, vol. 13, no. 10, p. 1880, Oct. 2021, doi: 10.3390/sym13101880.

[22] T. Antczak, “(p,r)-Invex sets and functions,” Journal of Mathematical Analysis and Applications, vol. 263, no. 2, pp. 355-379, Nov.
2001, doi: 10.1006/jmaa.2001.7574.

[23] G. Alirezaei and R. Mathar, “On exponentially concave functions and their impact in information theory,” in 2018 Information
Theory and Applications Workshop (ITA), IEEE, Feb. 2018, pp. 1-10. doi: 10.1109/1TA.2018.8503202.

[24] S. Pal and T.-K. L. Wong, “Exponentially concave functions and a new information geometry,” The Annals of Probability, vol. 46,
no. 2, pp. 1070-1113, Mar. 2018, doi: 10.1214/17-AOP1201.

[25] S. Rashid, M. A. Noor, and K. I. Noor, “Some generalize Reimann—Liouville fractional estimates involving functions having expo-
nentially convexity property,” Punjab University Journal of Mathematics, vol. 51, no. 11, pp. 1-15, 2019.

[26] S. Rashid, M. A. Noor, A. O. Akdemir, and K. I. Noor, “Some fractional estimates of upper bounds involving functions having
exponential convexity property,” Turkish World Mathematical Society Journal of Applied and Engineering Mathematics, vol. 11,
no. 1, pp. 20-33, 2021.

[27] S. Rashid, M. A. Noor, K. I. Noor, and A. O. Akdemir, “Some new generalizations for exponentially s-convex functions and
inequalities via fractional operators,” Fractal and Fractional, vol. 3, no. 2, p. 24, Apr. 2019, doi: 10.3390/fractalfract3020024.

[28] K. A. Khan, S. Fatima, A. Nosheen, and R. Matendo Mabela, “New developments of Hermite—Hadamard type inequalities via
s-convexity and fractional integrals,” Journal of Mathematics, vol. 2024, pp. 1-16, Jan. 2024, doi: 10.1155/2024/1997549.

[29] C.P. Niculescu, “Convexity according to the geometric mean,” Mathematical Inequalities & Applications, no. 2, pp. 155-167, 2000,
doi: 10.7153/mia-03-19.

[30] G. Toader, “Some generalizations of the convexity,” in Proceedings of the Colloquium on Approximation and Optimization, Univer-
sity of Cluj-Napoca, Cluj-Napoca, pp. 329-338, 1985.

[31] H. Hudzik and L. Maligranda, “Some remarks on s-convex functions,” Aequationes Mathematicae, vol. 48, no. 1, pp. 100111,
Aug. 1994, doi: 10.1007/BF01837981.

[32] G. A. Anastassiou, “Generalised fractional Hermite-Hadamard inequalities involving m-convexity and (s, m/)-convexity.” Facta
Universitatis, Series: Mathematics and Informatics, vol. 28, no. 2, pp. 107-126, 2013.

[33] U. N. Katugampola, “New approach to a generalized fractional integral,” Applied Mathematics and Computation, vol. 218, no. 3,
pp. 860-865, Oct. 2011, doi: 10.1016/j.amc.2011.03.062.

[34] A. A.Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differential Equations, Elsevier, vol. 204,
pp. 1-523, 2006. doi: 10.1016/S0304-0208(06)80001-0.

[35] S. G. Samko, Fractional Integrals and Derivatives: Theory and Applications, pp. 1-976, 1993.

BIOGRAPHIES OF AUTHORS

Dipak Kr Das||E:J B © is a research scholar at the Department of Mathematics, Institute of Science,
Banaras Hindu University, India. He holds an M.Sc. degree in mathematics from the Department of
Mathematics, Institute of Science, Banaras Hindu University, India. His research areas are some
contributions to the Hermite-Hadamard inequality and generalized convexity. He can be contacted at
email: dipakkrdas1995@bhu.ac.in.

Extension of Hermite-Hadamard type inequalities to... (Dipak Kr Das)


https://orcid.org/0009-0006-3593-2010

ISSN: 2252-8814

Shashi Kant Mishra || 24 B 1> is currently working as a Senior Professor at the Department of
Mathematics, Institute of Science, Banaras Hindu University, Varanasi, India. He is a leading expert
in the field of optimization with ample teaching and research experience of more than 24 years. He
has authored ten books, including textbooks and monographs, and has been on the editorial boards of
several important international journals. He has guest edited special issues of the Journal of Global
Optimization; Optimization Letters (both Springer Nature) and Optimization (Taylor and Francis).
His current research interest includes mathematical programming with equilibrium, vanishing and
switching constraints, invexity, multiobjective optimization, nonlinear programming, linear program-
ming, variational inequalities, generalized convexity, integral inequalities, global optimization, nons-
mooth analysis, convex optimization, nonlinear optimization, and numerical optimization. He can be
contacted at email: shashikant.mishra@bhu.ac.in.

Pankaj Kumar (2 &4 B © is currently working as a Senior Assistant Professor at the Department of
Mathematics, MMV, Banaras Hindu University, Varanasi, India. He received his Ph.D. in 2012 and
a master’s degree in Mathematics from IIT-Roorkee in 2002. His research interests are optimization
and numerical analysis. He can be contacted at email: p-mmv@bhu.ac.in.

Abdelouahed Hamdi || k4 B © is a Professor in the Department of Mathematics and Statistics,
College of Arts and Sciences, Qatar University. He received his Ph.D. in Applied Mathematics from
Blaise Pascal University (Clermont-Ferrand, France) in 1997. His research interests lie in continu-
ous optimization, variational inequalities, and their applications, with a strong focus on theoretical
analysis and algorithmic development. He has held academic and postdoctoral positions at institu-
tions including Trier University (Germany), the Facult “es Notre Dame de Namur (Belgium), King
Saud University, Kuwait University, and Prince Sultan University. He has authored multiple books
on integrals, foundational mathematics, and proof techniques. He serves as a reviewer for several
international journals, including Journal of Global Optimization, Applied Mathematics Letters, and
Optimization and Numerical Algorithms. He can be contacted at email: abhamdi@qu.edu.qa.

Int J Adv Appl Sci, Vol. 15, No. 1, March 2026: 1-18


https://orcid.org/0000-0001-7279-4493
https://scholar.google.com/citations?user=Qi26qyEAAAAJ&hl=en&oi=ao
https://www.scopus.com/authid/detail.uri?authorId=10240531300
https://orcid.org/0009-0009-3611-6041
https://scholar.google.com/citations?hl=en&user=4eXtVD4AAAAJ&view_op=list_works&sortby=pubdate
https://www.scopus.com/authid/detail.uri?authorId=57211057404
https://orcid.org/0000-0003-1950-8907
https://scholar.google.com/citations?hl=en&user=e6aWEBAAAAAJ
https://www.scopus.com/authid/detail.uri?authorId=56030130300

	Introduction
	RESEARCH METHOD
	RESULTS AND DISCUSSION
	Conclusion

