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Traditional finite element method is a well-estabéd method to solve
various problems of science and engineering. Rfferauthors have used
various methods to solve governingdifferential emuaof heat conduction
problem. In this study, heat conduction in a dacuod has been considered
which is made up of two different materials vizurminum and copper. In
earlier studies parameters in the differential équnahave been taken as
fixed (crisp) numbers which actually may not. Thmmmmeters are found in
general by some measurements or experiments. Soatezial properties are
actually uncertain and may be considered to vargnirinterval or as fuzzy
and in that case complex interval arithmetic orzfuarithmetic has to be
considered in the analysis. As such the problerdigsretized into finite
number of elements which depend on interval/fuzzarameters.
Representation of interval/fuzzy numbers may give thear picture of
uncertainty. Hence interval/fuzzy arithmetic is bggb in the finite element
method to solve a steady state heat conductiorgmolApplication of fuzzy
finite element method in the said problem giveszfusystem of linear
equations in general. Here new methods have alsp pmposed to handle
such type of fuzzy system of linear equations. Guwading results are
computed and has been reported here.
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1. INTRODUCTION

Conduction of heat means transfer of heat energlyimthe body due to the temperature gradient.
Heat spontaneously flows from a body having higleenperature to lower temperature. But in absence of
external driving fluxes it approaches to thermalilforium. There are two types of conduction such a
steady and unsteady state. Steady state condustidarm of conduction where the temperature diffiees
deriving by the conduction remains constant and ihdependent of time. The steady state heat aditau
problem is wellknown and its solution by exact noetthas been solved earlier [1]. The analysis may be
difficult when heat transfer through a complicatimmain. Various numerical techniques are proposed f
these types of problems viz. finite difference noethfinite volume method and finite element metfdd3].
Magnus et al.[2]used finite difference method is paper to model and solve the governing grounémwat
flow ratesflow direction and hydraulic heads thrbugn aquifer. Muhieddine et al.[3]described one
dimensional phase change problem. They have usddxveentered finite volume method to solve the
problem. In view of the above literature, it rewe#iat the traditional finite element method magilgabe
used where the parameters or the values are dwadstin crisp form. But in actual practice théues may
be in a region of possibility or we can say theuealare uncertain. In general uncertainty may beddrom
limited knowledge where it is impossible to exaathscribe the existing state, vagueness, no spigcifind
dissonance etc. or we can find it if the probatididescription of sampling variables are not algi. These
uncertain parameters give uncertain model predistidlow the uncertainty can be reduced by apprigpria
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experiments still it also give the variability inet parameters. To handle such variability sevexaailistic
methods have been introduced. Monte Carlo methodséxl as an alternative method for this type of
problem. Then finite element perturbation methodused by Nicolai and De Baerdemaeker [4] and
Nicolai[5] for heat conduction problem with uncémt@hysical parameters. Further Nicolai [6, 7] fduhe
temperature in heat conduction problem for randowalgying parameters with respect to time. They have
used a variance propagation technique to calctleemean and covariance of the temperatures. As we
cannot find always a probabilistic description fbe uncertain parameters some effort has been taken
tackle this type of problem. Hence we need the loélmterval/fuzzy analysis for handling these typs
data. We have used the interval arithmetic [8,0,vthich is described in third section of this pap&hen

we present the traditional finite element procedidr®, 12, 13] for solving the problem by taking she
parameters as interval.But it is a tedious taskdlwe by this process. Again there is a chancecofiwing
weak solutions. Next the interval finite elementhieique is described for the said problem. Finieganent
methodin the present problem turns intoa systetmeér equations which is solved by a proposediie
method. Further new methods have also been usedlte the interval system of linear equations. Next
fuzzy parameters are handled using the alpha chhigues and finally we apply the fuzzy finite ek
method [14, 15, 16] .The proposed techniques fstesy of interval and fuzzy linear system of equatiare
used to solve a steady state heat conduction prof&]. Finally we have given the numerical resuitsl
compared the different methods.

2. TRADITIONAL FINITE ELEMENT FORMULATION
The principle of conservation of energy viz.

E +E =E +E

in generated — —increase out (1)
satisfies thefollowing heat transfer equation

g, Adt+ QAdxdt= AU + (qx ¥ aaqx dxjAdt

X @

where, g, is the heat flux across boundaf®, is the internal heat generation raté, is the internal energy

and A is the area of cross section.
The one dimension steady state heat conductiortieqya7] may be written as

d’T
K, >+ Q=0.
dx ©)
Traditional finite element formulation 517] for egfion (3) can easily be obtained as

[K]{T} :{fQ}"'{fg )

where, [K] is the conductance matri*,fQ} is the nodal vector{fg} is the gradient boundary conditions

at the element nodes.
The stiffness matrix or conductance matrix for efement for traditional finite element method isegi by

kKA[1 -
I |-1

of the cylinder. As such if the domain is dividedto N elements, the form of stiffness matrix is

:|, where kx is the thermal conductivityA is the area of cross-section ahds the length

1 -1 0 - O
-1 2 -1 -
0 -1 2 . 0
S !
0 - 0 -1 2]

3. INTERVAL ARITHMETIC
The interval form of the parameters may be writien

[2(,)‘(]={X:XDD,1(£XS X}
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X+ X
whereX is the left value and is the right value of the interval respectively. \d&finem = = is the

centre andW = X — X is the width of the interv [l(, 7] .

Let [ X,X] and [X, Y1 be two elements thethe following arithmetic are well known |
M) [XX]+[Y, VI X+ Y, X+ ]
(W) [ XX]=[Y, Y[ X~ ¥, X~ Y]
(i) [ X X]% [ Y, YI=[min{ _Xy Xy Xy, Xy }, max{ _Xy_ Xy X, Xy }

(V) [ X X]+[ Y, YI=[min{ X+ Y, X+ ¥, X+ ¥, X+ ¥}, max{ X+ ¥, X+ ¥, X+ ¥,X+ V]

4. FUZZY NUMBER AND ALPHA CUT
Let X denote a universal set. Then, the membership fam £/, by which a fuzzy se A is

usually defined as the forpd, : X — [O,l], where[O,l] denotes the interval of real numbers from 0 t
Such a function is called a membership function dred set dfined by it is called a fuzzy set. fuzzy
number is a convexjormalize« fuzzy set ALl R which is piecewise continuowmd has the functional

valuell, (X) =1, where X1 X at precisely one element. Different types of fummynbers are there. The

are triangular fuzzy number, trapezoidal fuzzy nambnd Gaussian fuzzy number etc. Here we
discussed the said problem using triangular fuzasntmer only. The membership iction for triangular
fuzzy number is as below.

1 b
' 0, Xx<da
;—a‘ a<x<bhb
#A(sz-q C:j
0.3 —, b=x<e
c—b
s 0, x>
a > X c

Fig.1.Triangular fuzzy number [a, b, c]

Alpha cut (@ — cut) is an important concept of fuzzy set. Gia [] [O,l] then the alpha cut for abo
triangular fuzzy numbe[a, b, C] may be written aEﬁ + (b - a)a, c— (C - b)a] .

5. INTERVAL AND FUZZY FINITE ELEMENT METHOD
In this method the crisp values are replaced bgrvat/fuzzy and then proceeding like traditio
finite element method we get a linear systerinterval equations as given below.

Fuzzy and interval finite element method for hesideictionproblen (Sarangam M)



174 O ISSN: 2252-8814

bl [anbs] o [anba]](aown]] (lend]
[a21tb21] [azzjbzz] [aZn’bZn] [Xz’Y2] — [Cz’.dz]

awtal faba] -+ bl lGed

where the members in an interval are both eithsitige or negative.

The system of equations in equation (5) can beesoly direct elimination method which we
generally do for the exact data. Now interval valwe operated through theinterval arithmetic rules
Because of the more computation involved in thexpdure it is a difficult task to perform and thargin of
uncertainty increases drastically. Hence we hawvehtmse methods which give better results. Toaorae
the above difficulties (to a certain extent)we rneposetwo new methods.

Method-1
Equation (5) can be solved by iterative scheme (Bauss-Seidel numerical method. The new form of
representation of Equation (5) is as follows

]k+1 [Cl d] [a12 blz][xz yz] _[ais’bls][xa’y3](k) _”'_[aln’Qn][Xn’yn](k)
CHEH

I A R A T i 0 A ettt o VA
[8,,,0,]

[ %1

(6)

]k+1 [ n] [a'nl nl][xl y1] [anz nz][X y2] [an(ﬂ—)l’bn(n—)l][xn—layn_l](k)
(2o

The above procedure will be more efficient ifwelaep the vecto{x, y](k) in the right side of Equation (6)
element by element. So Equation (6) can be writen

ea _ [cud] =[x o] ~[aballx,, o ==, byl v
3,0,

ea) _ [0 0] ~[anby Jx ] ~[as b, va] = =[] %, v
la,..b,)

%,

[yl

%, v,
@)

] k+1

) [a'n(n—)l' bn(n—)l][xn—la yn—l](k)

[l = [c,..d.] [ bl v -[a B ], v,

Xy Yo
| (80 00)
M ethod-2

Equation (5) can be written as
n

Z(aij+aij)xj :Cj"',Bj, i=123...n
=1

b —a d -c
whereq; :%andﬁj = IN LN D[l°°). (8)

Now using any crisp method we can solve Equatigmaf@l the solution for this system of equationsimay
written as below
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minflrm slim % v im s lim s il s fim v im e fim

n-oo n-oo n-oo n-oo

{m'n{llm X lim Xn},maX{Ilm X lim XH
n-1 n- oo n-1 n- oo

As mentioned earlier in case of fuzzy finite elememethods we have to convert the fuzzy
parameters into alpha cut set and then solve théyproposed method as above. In this case we gt &f
solutions for different values of alpha. Thus we e solutions in term of triangular fuzzy numbdrere
the left values of the interval and the right valug the interval all together gives a pricewisatowious
function.

The example problem has been solved by crisp fieléenent, interval finite element and fuzzy
finite element method with the help of the aboveo tmroposed methods which are discussed in the
subsequent sections.

6. Problem and Numerical Results
We have taken a circular rod (Fig.1) having an idetdiameter of 60mm, length of 1m and
perfectly insulated on its circumference. The kefif of the cylinder is aluminum and the right higltopper

having the material thermal conductivitgOON / m—"C and389N / m—"C respectively. The extreme
right end of the cylinder is maintained at a terapane 080°C , while the left end is subjected to a heat
input rate4000N / m? as given in [17].

Aluminum Copper

0.5m 5m

Fig.2.Model diagram for circular rod which is distized into two equal parts having length 0.5meach.

Here the interval values for thermal conductivitg.\of aluminum has been taken as [199, 201] and
for copper as [388,390]. The interval value for tteat input rate is taken as [3999, 4001]. The lerohbs
solved first byusing the direct method and propodedation method (method-1) for four element
discretization of circular rod. Corresponding résalre given in Table 1.

Table 1.Comparison of results using traditional and progateration method.

Temperatures (in degree Usual method Method-1
Celsius) Left Right Centre left right Centre
T1 87.11 104.54 95.825 89.01 101.40 95.205
T2 82.96 98.52 90.74 84.43 96.04 90.235
T3 80.47 90.54 85.505 81.14 89.28 85.21
T4 80.03 85.50 82.765 80.15 85.58 82.865
T, 80 80 80 80 80 80

Next two element and four element discretizationehbeen considered. The proposed method
(method2)has been used to solve the final linearatons obtained from the finite element analysis.
Corresponding results from Method 2 along with itesults from traditional finite element method @oisp
values are presented in Tables 2 to 5 respectiRegults of Table 2 and Table 3 are obtainedfor awd
four element discretization respectively by takihg interval values for thermal conductivityonlyhéin
both thermal conductivityand heat input rate atemaas interval values at a time for the analysid the
results with two and four element discretizatiospectively are given in Tables 4 and 5.

Fuzzy and interval finite element method for heaiduiction problem (Sarangam M)
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Table 2.Results from two element discretization with thelroanductivity in interval form

Temperatures (in degree Traditional Finite element method Method-2, Interval finite element method
Celsius) (crisp) Left Right Centre
Tl 95.1414 95.0785 95.2049 95.1417
T2 85.1414 85.1282 85.1546 85.1414
T, 80 80 80 80

Table 3.Results fromfour element discretization with theko@nductivity in interval form

Temperatures (in degree Traditional Finite element method Method-2, Interval finite element method
Celsius) (crisp) Left Right Centre
T1 95.1414 95.0785 95.2049 95.1417
T2 90.1414 90.1033 90.1798 90.14155
T3 85.1414 85.1282 85.1546 85.1414
T4 82.5707 82.5641 82.5773 82.5707
T, 80 80 80 80

Table 4.Results from two element discretization with thelromnductivityand heat input rate both in interval

form
Temperatures (in degree Traditional Finite element method Method-2, Interval finite element method
Celsius) (crisp) Left Right Centre
T1 95.1414 95.0822 95.2011 95.14165
T2 85.1414 85.1295 85.1534 85.14145
T, 80 80 80 80

Table 5. Results fromfour element discretization with thekoanductivityand heat input rate both in interval

form
Temperatures (in degree Traditional Finite element method Method-2, Interval finite element method
Celsius) (crisp) Left Right Centre

T1 95.1414 95.0822 95.2011 95.14165
T2 90.1414 90.1059 90.1772 90.14155
T3 85.1414 85.1295 85.1534 85.14145
T4 82.5707 82.5647 82.5767 82.5707
T 80 80 80 80

Table 6.Result from four element discretizationhwiérge width for thermal conductivity of aluminuand
copper heat input rate

Temperatures (in Traditional Finite element Method-2, Interval finite element method
degree Celsius) method (crisp) Left Right Centre
T, 95.1414 94.9945 95.2917 95.1431
T, 90.1414 90.0531 90.2315 90.1423
T, 85.1414 85.1117 85.1714 85.14155
T, 82.5707 82.5559 82.5857 82.5708
T, 80 80 80 80
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Now the values of thermal conductivity for aluminiand copper are taken in interval form with large
widthviz. [197.5, 202.5] and [386.5, 391.5] resjpet and the heat input rate as [3997.5, 4002 &hded
results with four element discretization are inargted in Table 6. Next let us consider the valuthermal
conductivity for aluminum as TFN [199, 200, 20Xetvalue of thermal conductivity for copper as TFN
[388, 389, 390] and the heat input rate asTFN [34990, 4001]. Obtained results in terms of fuziot pre

depicted in Figs. 3 to 6.
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7. DISCUSSION
Here we found that the marginal error caused duéhéouncertain parameter used in the said

problem becomes more for the usual interval fial@ment method which is shown in Tablel. Whereagus
methodl we get a comparatively better result. Tdesibility of the solution set is decreased, whicres a
better picture to predict the temperatures at ti@ahpoint of the domain (Fig.2). Again if we cahesi the
centre value of the solution set and comparing tihe results of Tablel, methodl gives a better
approximation compare to the results of traditidivdte element method(in crisp form). This maydsen by
looking into Tablel and Table5 (column2).

Then the results of Table2 and Table3 for two elgnaed four element discretization respectively
give a comparative study about method2 and thetitradl finite element method (in crisp).MethodZal
gives a better approximation to the exact resuifaiA from Table4 and Table5 we are getting the iofea
temperature distribution of domain more clearlx@mparison with the usual method and method1.Theis t
possibility of temperature distribution along thad rfor method?2 is far better than methodl. The erexit
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result for method2 (in Table5) givesa sharp appnaxion to the exact result than the methodl (inl@Bb
We may also note from Table6 that if the widthlod interval is more for the uncertain parametethod?
gives a clear idea of temperature and it is moitalsie to visualize the behavior of temperature para to
other methods.
Considering the uncertain parameters as fuzzy we peesented the result of the said problem in

Figs.3 to 6. When the value of alpha becomes Zerduzzy results change to the interval form andtlie
value of alpha as one, the result changes int@ ¢oisn.In Figs. 3 to 6 we get a series of narrow prak
distribution of temperatures which reflect bettefuion for the said problem and are very closetie
solution obtained from the traditional finite elemenethod with crisp parameters.

8. CONCLUSION

This paper investigates in detail one-dimensioadytestate heat conduction problem with uncertain
parameters.The parameters involved in the goveramgtion dictate the solution result. It is watlokvn
that the involved parameters cannot be obtainedeineral exactly or in crisp form. So the same are
considered as uncertain in term of fuzzy/intervad.such the investigation is done by using fuzzgfival
finite element method to solve the test problemoTproposed methods are introduced to find the nigader
solution of the said problem with uncertainty. @sponding results are given and compared with tiogvk
result in the special cases. Although the exampelpm seems to be simple but the main aim ofghidy
is to develop fuzzyl/interval finite element meth@&d FEM). It is worth mentioning that the F/| FEMr the
said type of problems converts the problem int@finterval linear system of equations. Accordingw
methods are proposed which may very well be appléctn other complicated problems also.
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Nomenclature
K .

Ox:
Q.
UZ

A
(K],

o
Ty, Ty, T3, Ta, Ts:

Thermal Condulttivity
All of them are temperature at different nodes
Heat Flux

Internal heat generation rate

Internal energy
Area of cross section.

Conductance matrix
Nodal vector
Gradient boundary conditions at the elemenesod

Left value of the interval
Right value of the interval
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